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Summary

This thesis investigates source-supported electric flux, matter screening and real-time
response in a finite two-rishon SU(2) quantum-link model on an open honeycomb lattice.
Its representation, local conserved sectors and numerical accuracy are specified explicitly.
The results are motivated by QCD colour dynamics, but concern finite patches rather
than continuum or thermodynamic phases.

The two-cycle C2 patch is solved exactly in pre-specified source and vacuum sectors
with gauge-invariant dimensions up to 46,829. At graph separation four, a thirteen-mass
ladder resolves a crossover from screening-like to confinement-like source response. A
separation scan at graph distances R = 2,4,6 gives a heavy-mass finite-distance force
1.03 £+ 0.01t,/a per graph link, of which about 69% is electric. At light mass the force
softens by 47-53%, connected flux collapses and flux-free endpoint matter grows. The
remaining positive cost is conditional on the conserved U(1) corridor labels and is not
interpreted as a string tension. Increasing the electric coupling from g% = 1 to 8 reduces
the scaled offset of the half-connectivity mass from the classical string/one-pair crossing
from 0.65 to below 0.01, but at g*> = 6 and 8 it lies slightly below the crossing, against
the registered expectation; the heavy-mass force approaches the strong-coupling estimate
(within 0.03% at g*> = 8). By the registered criterion the heavy-mass force over R = 24
and the R = 4 connectivity are insensitive to the plaquette coupling up to x = 2 (force
within 0.05%), whereas the R = 4-6 forces fall by 5-11% at k = 2; plaquette-dominated
sector ground states appear at light mass from x = 1 and at heavy mass at K = 4. On wider
four- and eight-cycle patches, whose corridor coordination differs from C2, heavy-mass
variational states differ from the exact connectivity and source potential of the relocated
C2 sources by +0.5% and —1.0%, with bounded numerical support on the eight-cycle
patch; light-mass source states meeting the sector criteria have not been obtained there.

In real time, a mass quench from m = 4 to 0.5 strongly suppresses the source—vacuum
electric response and connection probability while increasing flux-free endpoint support.
Connectivity remains suppressed through the exact window ¢ < 20. A ramp from m = 0.5
to 4 increases electric response and connectivity, but the subsequent hold does not establish
a persistent formed tube. Independent first-principles reconstruction and Gauss-exact
matrix-product calculations reproduce the static and real-time C2 references.

The thermal analysis separates equilibrium structure from reservoir-induced dynam-
ics. Complete physical-sector Gibbs estimates, small-system Davies and KMS tests, a
conditional uniqueness result and four finite-temperature first-step calculations establish
bounded numerical and algebraic results. They do not yet measure converged ensemble
thermalization, structural lifetimes or a QCD transition.

Finally, an exact local fermionic encoding is used to test microscopic cold-atom controls.



Summary xi

A restricted tunnelling family is insufficient, whereas a detuned molecular mediator
generates the target hopping conditionally at second order. Star and hexagon calculations
validate this finite-patch reduction under the stated controls; they are not an integrated
apparatus or an experimental feasibility demonstration.



Chapter 1

Introduction

I.1 Non-Abelian Gauge Theories and Confinement

A local gauge symmetry constrains how matter exchanges charge with a field. For SU(2),
noncommuting colour generators also permit distinct ways of coupling local spins to the
same total representation. Finite quantum-link models make these structures accessible to
exact diagonalization and tensor-network methods [12, 6].

This thesis asks how an imposed source pair organizes electric flux and how dynamical
matter screens it on a loop-bearing honeycomb graph. The analysis separates source
energies, connected electric response, matter screening, local recoupling and driven prepa-
ration. The terms confinement-like and screening-like refer to the specified finite-source
observables, not to thermodynamic phases.

1.2 Quark—Gluon-Plasma Motivation and Scope

QCD supplies the motivation: colour fields, screening and strongly interacting matter
are central to its low-energy and plasma regimes. The present SU(2) model isolates
selected mechanisms while omitting SU(3), a continuum limit, expanding matter and a
thermodynamic extrapolation. String breaking into screened configurations therefore does
not establish a deconfinement transition or the formation of a plasma droplet.

The source-free state is a matched reference, while the source sector contains imposed
classical colour targets. Connected differences isolate source-associated response only when
geometry, couplings and conserved labels are specified. The two-cycle C2 patch tests
string-breaking-like and flux-tube-formation-like responses; persistent flux-tube formation
is not established.

I.3 Quantum Link Models and Rishon Encoding

Quantum-link models replace the infinite-dimensional link space of a Wilson Hamiltonian
by a finite representation of the gauge algebra. A rishon construction realizes its gen-
erators through auxiliary fermionic modes [25, 31, 12]. The current honeycomb model
uses canonical two-colour fermionic matter and a fixed two-rishon full link. Link orien-
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tation, Jordan-Wigner registration and the conserved vertex imbalances are part of the
Hamiltonian definition.

I.4 Gauge-Aware Relaxation and Finite Temperature

Relaxation, thermal equilibrium and coupling to a reservoir are separate physical problems.
The C2 analysis constructs complete physical-sector Gibbs references, checks accessibility
assumptions and implements bounded numerical tests of specified thermostats. Stationary
Gibbs structure and algebraic uniqueness do not themselves demonstrate finite-temperature
mixing or a flux-tube lifetime.

1.5 Cold-Atom Quantum Simulation

A cold-atom realization must encode the same matter and link spaces, derive the required
couplings and quantify unwanted processes. The exact fermionic encoding below supports a
comparison of microscopic control families. Ordinary tunnelling has insufficient independent
controls in the tested family, whereas a detuned molecular mediator can generate the
target interaction conditionally. Preparation, readout and laboratory calibration remain
additional requirements.

I.6 Positioning and Original Contributions

Real-time string dynamics and string breaking have been studied directly in (2 + 1)D non-
Abelian calculations and quantum-simulator settings [10, 21], while honeycomb quantum-
link constructions provide nearby theoretical references [7, 30]. The contribution here is a
controlled finite-patch evidence hierarchy rather than novelty from the appearance of a
string alone.

The C2 contribution combines exact fixed-sector ground states, a mass ladder, a
registered source-separation scan, energy-resolved finite-distance forces, exclusive endpoint
classes and controlled real-time quench and ramp protocols. An independent first-principles
implementation and Gauss-exact tensor networks test the same operators and states. Exact
scans of the electric and plaquette couplings test the mass-ladder results against the classical
branch structure and a magnetic term. Variational states on the wider C4 and C8 patches
compare the heavy- and intermediate-mass response with C2 under explicit numerical
status labels. Complete-sector thermal references and a constructive accessibility witness
are kept distinct from open-system response. Finally, the local encoding and finite-patch
microscopic reductions identify which atomic controls would be required for a honeycomb
realization.

Chapter II defines the model and methods. Chapters III and IV present static and
driven response. Chapter V develops the thermal framework, Chapter VI the microscopic
implementation tests, and Chapter VII states the conclusions and remaining limits.



Chapter 11
Model and Methods

This chapter specifies the honeycomb geometry, local spaces, Hamiltonian, source sectors,
observables and numerical methods. Every result is attached to its geometry, source
definition and conserved sector.

II.1 Rishon Representation and Gauge Constraints

The Hamiltonian formulation follows the Wilson-Kogut—Susskind framework [43, 26],
while finite-dimensional links follow the gauge-magnet and quantum-link construction
[25, 31, 12]. Gauge invariance follows from the local algebra; finite-dimensionality is a
representation choice whose consequences are tested explicitly.

II.1.1 (2+1)D Honeycomb Geometry

Honeycomb SU(2) gauge theories also admit Gauss-integrated spin-Hamiltonian descrip-
tions [30]. That construction is a nearby theoretical reference rather than an identity: the
present model retains explicit matter and rishon degrees of freedom with their conserved
sectors specified separately.

The honeycomb model uses genuine two-colour fermionic matter and a fixed two-rishon
full link. Its local spaces are

H, ZSP‘&H{\O)?’ T>7‘ \L>a‘ T¢>}7 (H'l)
He = spanf[0,2), [ 1, 1), [ 1,4), [ 4. 1), [ 4. 4).12,0) }. (11.2)

Here the two entries of a link label refer to its left and right ends; n,; + nyr = 2 is
enforced by the basis itself. Empty and doubly occupied ends are colour singlets; a singly
occupied end carries spin 1/2. Matter has the analogous singlet-doublet—singlet structure.
Jordan—Wigner parity strings enforce anticommutation between matter sites, including
graph neighbours separated by other matter sites in the tensor ordering. This registration
is part of the Hamiltonian, not a measurement option.

Matter statistics. The honeycomb model uses the four-state local matter basis and
registers the sites with full Jordan—-Wigner parity strings. Matter operators on distinct
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sites therefore obey canonical fermionic anticommutation. This registration is part of the
(2 + 1)D Hamiltonian definition and is not interchangeable with an alternative matter-
statistics convention.

Every graph edge is oriented from sublattice A to B, identified with its L and R ends.
The open patches have

N,=2L,L,, N;=3L,L,—L,—L,, C=N—N,+1=(L,—1)(L,—1). (IL3)

C counts independent cycles; it is neither spatial dimension nor the number of paths
between sources. A strip with L, = 1 is a tree. The 2 x 2 patch (C' = 1, hereafter C1)
has eight vertices, eight links and one cycle; it is the smallest loop-bearing pilot used
below. Source separation must specify graph distance and positions: for same-row A sites
a column displacement R, corresponds to graph distance 2R,. Throughout the honeycomb
chapters R denotes the graph distance, the number of links on a shortest source path; the
principal C2 sources have R, = 2 and R = 4. Two wider patches keep L, = 3: C4 (L, = 3;
18 vertices, 21 links, four cycles) and C8 (L, = 5; 30 vertices, 37 links, eight cycles). Their
source placements and corridors are shown in Fig. [11.10.

C=2, N, =12, N,=13; selected path Reppn =4

® A ®mB

Figure II.1: The actual unit-bond embedding of the open 3 x 2 honeycomb patch. Circles
and squares distinguish the A and B matter sublattices; vertex IDs appear below the sites and
link IDs beside the bonds. The blue four-link corridor connects the circled classical sources at
vertices 1 and 3. Its graph distance is four, while the same-row cell displacement is two. The
tensor ordering does not replace this spatial geometry.

With Q, = ¥io,/2, the source-free local generator and additional conserved charge
are

G,=Q,+Y E,, Dy=n,— Y ngy. (IL.4)

v 3v
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The end generators use the all-plus convention in this expression. Number the link basis
states above from 1 to 6. The nonzero matrix entries of the implemented transporter are
fixed explicitly by
U = [4)(1] = [6)(3], Uiy = =[5)(1] = [6)(2] (IL.5)
Uy = 12)(1] + 16) (5] Uy = —|3)(1] + |6)(4]. (I1.6)
They obey [ES, U] = —(0°/2) 0 Unpp and [EG, Ug] = Uay (0¢/2)yp, with summed colour
indices. This e-conjugated convention moves a rishon from R to L when matter hops from B

to A. Thus each hopping event preserves both endpoint imbalances. The determinant-free
Hamiltonian below obeys

[H,D,))=[H N]=0, > D,=N-2N, N=) n, (IL.7)

A fixed D, profile is consequently a dynamical restriction. Equal total matter number
does not imply that two states can be connected by this Hamiltonian.

II.2 Hamiltonian
I1.2.1 (2+1)D Honeycomb Hamiltonian
The Hamiltonian used by the current honeycomb calculations is

H= ot 3 Wil +he)+m nn, + g 5 2 i

(=(A,B)

—/{Z TrUp+h.C.)+)\Z( -q,) +uz (IL.8)

where 74 = +1, np = —1. The ordered hexagonal product U, uses Uy or Ug according to
the traversal direction. ¢, distinguishes the hopping amplitude from evolution time; A = 1
throughout. The electric operator is

E} = LR = diag(0, 3,

NI

,2,2,0). (I1.9)

This is state dependent. The expectation of the occupation product must be contracted as
an operator; replacing it by the product of occupations is not valid. The local quantum-
link construction retains a finite SU(2) algebra, without asserting a continuum or large-
representation limit [25, 12, 6].

Sources and physical energies. The impurities are classical ¢ = +1,—1, with
¢! = ¢* = 0. There is no additional quantum external-doublet site. At a source the
energetically selected block has j = 1/2, G* = ¢3/2, and

(G—q)) =j(i+1) —2¢°G" + (¢*)* = 2. (11.10)
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Neutral vertices target 7 = 0. Two sources at A = 20 therefore contribute a floor of 30,
not 40. Source energy offsets must be removed consistently before comparing physical
energies. The source-free gauge part commutes with all local generators; the classical
source term selects a colour axis, retaining G and the local Casimir but not full transverse
commutation at the source. Gauge quality is assessed against the appropriate source or
neutral block, not against zero at every vertex.

The C2 exact ground states explicitly realize this minimal source block: each source
contributes 3/4, the pair contributes 30 at A = 20, and all neutral vertices are singlets.
The vacuum contribution is zero. At the examined full-SU(2) parameter points this makes
the ground state unchanged for every X\’ > 20, with only the penalty constant shifting. The
argument and the direct A = 40 check are given in Sec. [1.5.2; the statement does not extend
to the non-minimal Cartan control. That section also distinguishes the product-sector
restriction from the energetically selected Casimir block. For the C2 comparison, Hyp, = H
and Hy = Hpyys; this notation applies to the static and thermal sector calculations, not
the unperturbed microscopic cold-atom Hamiltonian.

The pinning term selects D, = d,,. In that exact sector it vanishes; at finite numerical
precision its mean and fluctuations are measured. Define Hynys = H — Hg — Hp, where
H¢g and Hp denote the two penalties. Its expectation and variance are reported together
with those of the optimization Hamiltonian. Subtracting two approximate variational
energies does not produce a variational upper bound on their difference.

The determinant-free model preserves the additional local D, charges, so the thermal
ensemble fixes their declared pattern as well as the non-Abelian Gauss representation
and N. In a retained physical sector, Hopy = Ho + ¢51s, with cgc = 30 and ¢y = 0 at
the stated penalty. This constant cancels from normalized Gibbs states and transition
frequencies but must be retained when converting partition functions or free energies. It
is not constant on arbitrary states outside the physical block.

The loop-bearing pilot uses t, = 1, ¢g> =2, A =20, k = 0, N = 8, sources at vertices 1
and 2 (both on A), and d = (—1,—1,0,0,—2, -2, —2,0). Its sector matrix has dimension
17431. The zero plaquette coupling is an explicit restriction: matter-mediated gauge
rearrangement is active, but an independently driven magnetic plaquette mechanism is
not tested by these calculations. On C2 the plaquette coupling is varied up to kK = 4 in
Sec. I11.1.3.

What pair production means. Relative to the staggered reference with empty A and
doubly occupied B vertices, define

Ny = n, Ny =) (2—mn), (I1.11)

vEA vEB

N, — Ny = N — 2Mj, H,y = m(2Npa — 2Mp), (IL.12)

where Mp is the number of B vertices and Npaiy = (Np + Np)/2. At N = 2Mp, Npair =
N, = N4. Matter hopping can create a particle-hole pair relative to that reference while
conserving N. The rishons encode the gauge link; they are not the produced dynamical
matter. The interacting ground state is already dressed, so its pair expectation need not
vanish. A change in this expectation is a net occupation change, not a count of individual
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creation events. Opposite impurity colour signs on two A vertices do not make those
vertices a particle and an antiparticle site.

II.3 Observables and Diagnostics

Source and vacuum states are evaluated in separately registered sectors with the same
couplings and geometry. Source-minus-vacuum subtraction is therefore a comparison of
declared sectors, not a source-switching operation inside one Hilbert-space block.

I1.3.1 (2+ 1)D Honeycomb Diagnostics

The electric Casimir profile (E?), matter occupations and pair number resolve distinct
aspects of a source state. A connected profile §E} = (E?), — (E?)o requires a control with
the same couplings, geometry, number and declared imbalance constraints. Different source
and source-free sectors must be labelled; no subtraction silently changes them. Likewise a
potential V(R) = E, phys(R) — Eo phys is meaningful only with a specified sector-selection
rule. Comparing two constrained branches is not a minimization over all superselection
sectors.

Let F, = 4E7/3. Tt is a projector onto an active link. For each basis configuration
the active links define a graph. The diagonal projector P,y tests whether any active
path connects the sources; P,, = 1 — P,ny. A selected-corridor projector instead requires
all links of that corridor to be active. On a loop, a loss on one corridor can represent
rerouting, so its complement alone is not an all-path breaking probability. These graph
projectors use occupations and commute with the local colour generators.

A second diagonal witness, Pgm, requires both source vertices to carry matter while
every link incident on them is inactive. It measures joint local flux-free matter support.
With classical impurities it is not an external-source—matter singlet projector; its expecta-
tion is a probability, not proof that every configuration is screened. Corroboration comes
from matter redistribution, connected electric profiles and the energy budget.

C2 local projectors and structural restrictions. For C2, let =y project onto
exactly one matter particle and define

Py(v) =001 = F).  Poom = Pr(1)Pe(3). (I1.13)

v
>v

These projectors measure flux-free single-particle support, not bare flux freedom on an
unrestricted Hilbert space. In the registered source sector, vanishing incident flux and
G3 = ¢2/2 = £+1/2 already force a single matter particle. Source vertex 1 has degree one;
calling its sole incident link /7, the exact sector identity is

4
(Po(1)) = 1- 5(F2). (IL.14)
Thus this probability and the electric profile are not independent evidence. Both sources

can be flux free only with at least two particle-hole excitations; in the fixed-D, sector at



8 II. Model and Methods

R = 4, a connection avoiding the corridor requires at least four pairs. The local flux-free
single-particle probabilities vanish identically in the vacuum sector by construction; this
does not imply vanishing vacuum all-path connectivity. For the source-minus-vacuum
electric response, define

Eéec pe
Ze Pe

The ratio requires a nonzero denominator. Because the connected response is signed, it is
a spatial-response ratio rather than a probability constrained to [0, 1].

Pe = <E[?>src - <E§>vaca Eoff = 1— (1115)

Exclusive source classes. For the two source vertices s, s’ of a registered source sector
(one specified before the corresponding data were generated), write B, = =" [I5,(1—
Fy), so that B, = Pg(v) as an operator, and define

Il = BsBy, IIig = BS<1—BS/)—|—(1—BS)BS/, Iog = (1—Hany)(1—Bs)(1—Bs/).

(I1.16)
A connected configuration has active links at both sources, so Il,,, and the three projectors
above are mutually exclusive and sum to the identity; no probability is discarded. Their
expectations Py, Pig, Pog = Pootn and FPog resolve one- and two-endpoint flux-free matter
support and disconnection without either endpoint event; P> = Pig + Pog. The C2
separation scan uses (s,s") = (1,2), (1,3) and (1,6) at R = 2,4, 6. Several C2 figures label
Iy and Phyy as Ieonn and Peonn. Growth of Pig or Pog with declining P,y resolves one-
or two-endpoint flux-free rearrangement; growth of Fyg alone does not establish matter
screening, and a high P,,, is not a measurement of tube width, persistence or a pure
connected-string state.

Static potential and finite-distance force. For a registered source-sector family Dy
at graph separation R (Sec. I1.5.2), the physical static potential and the finite-distance
force per graph link are

VD<RJ'; m) — VD(Ri; m)
CL(Rj — Rl) ’
(I1.17)
with @ = 1 and R the number of links on a shortest source path. In the registered exact
sectors the D, penalty vanishes and the source Gauss-protection offset is 30, so that
Vb = Eopt,src — 30 — Eoptvac. The secant is defined in analogy with the potential-difference
force of Ref. [36, Sec. 2.2, Eq. (2.5)], which refers to Euclidean displacements along a
fixed lattice direction; on the honeycomb graph it is a force per graph link rather than a
derivative along one axis. For a linearly rising potential Vp = o R + ¢ the secant equals o,
and screening makes it decrease with R. Where Vp rises approximately linearly in R, as
at heavy mass below, the secant is referred to as the effective string tension of the patch;
otherwise it is quoted only as a finite-distance force. In neither case is it an asymptotic
string tension. Splitting Hy = Hp + Hp, 4 Hyop gives the budget oy = of + o) + ol .

VD(Ra m) - <H0>src,DR,m - <HO>VaC,m7 Oefo(Ria Rj; m) =
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Electric response. With Hg = (¢°/2) >, E7, define for R > 0

75" = H—E TP () = (T e (1) — (T )vael8), (IL.18)

where the sum runs over all links and source and vacuum states follow the same protocol
in their own sectors. Its ground-state counterpart is 7 ¢g(R; m) = V2 (R; m)/(aR) with
VE = (Hg)ge — (Hg)vae- These normalizations are operational definitions of this work.
T ¥ is an energy per graph link, not an evolution time; equal units do not make it a force.
Even for a linear electric contribution Vg = ogaR + cg, one has Vg /(aR) = op + cg/(aR)
whereas dVg/d(aR) = og, and matter, hopping and endpoint contributions prevent
identifying 7, with ;. A geodesic control replaces the uniform link sum by path
weights, 75" = (¢%/2a) >, w, A(E?), where w, is the fraction of shortest source paths
containing link ¢, divided by R, so that ), w, = 1. It measures the electric response carried
along the source paths; a difference from 7" can reveal off-path or loop contributions or
path multiplicity.

For two spin-half constituents at a neutral vertex, local colour fusion can be measured

by the scalar
1

0) _ (1/2) p(1/2)
Py = ZPZ P =85 S;. (I1.19)
The active-spin projectors are essential if empty or doubly occupied states are allowed.
Conditional expectations within a four-spin sector must be reported with that sector’s
probability. A Casimir profile, a binary path measurement or a fusion population is not,
alone, a uniquely non-Abelian signature. A matched control must test what information is

lost when colour recoupling is removed.

II.4 Tensor-Network Representation

I1.4.1 (2+1)D Honeycomb Ordering

The MPS contains one dimension-four matter tensor per vertex and one dimension-six
tensor per full link. The linear tensor ordering determines operator range and entanglement
cost, not the physical graph adjacency. An ordering change must transform fermionic
parity strings consistently. Small patches are also assembled as sector-resolved sparse
matrices, providing an independent many-body contraction route using the registered
local algebra. Larger bond dimensions address variational error; increasing patch width
addresses a different, physical finite-size question. Neither can replace the other.

The Gauss-exact C2 calculations use a different site arrangement: one site per vertex
combines the matter state with the rishon ends of its links, restricted to the local Gauss
and D, targets (Sec. 11.5.2). In this vertex ordering several hoppings connect sites that are
not nearest neighbours in the linear tensor sequence. A two-site tangent space can then
miss directions generated by the Hamiltonian, which can limit projected time integrators

(Sec. IV.1.4).
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II.5 Numerical Methods and Validation

Small patches are solved in complete registered physical sectors using sparse matrix actions
and Lanczos iteration. The independent implementation rebuilds the fermionic local
operators and physical intertwiners before evaluating the same observables. Gauss-exact
matrix-product states impose the local Casimir, Cartan and imbalance targets in their basis.
Ground-state and real-time claims are accompanied by residual, observable, fidelity and
step-size comparisons. The wider C4 and C8 patches are treated with penalty-protected
DMRG and enter only with the numerical status labels of Sec. I11.1.4.

I1.5.1 Honeycomb Operator and State Validation

The current model is checked at three levels. Local identities test the representation,
hopping convention, Hermiticity and conserved charges. Full hexagonal link-space checks
use all 6° = 46656 link configurations. The loop-bearing matter sector is assembled
under two matter orderings; after fermionic basis transport the matrices coincide, while
deliberately omitted exchange signs produce a nonzero mismatch. These checks establish
the tested operator registration, not the absence of all possible implementation errors.

For the two pilot ground states, the residual norms are below 2 x 10713, Independent
finite differences test the response identities

OE OE 1

L

Halving the parameter step from 1072 to 5 x 10™* gives agreement within 1.2 x 107 for
the mass derivative and 2.1 x 10719 for the electric derivative over the two masses. A
charged-star ED-DMRG comparison at the same two masses agrees in energy within
4.1 x 10~* and in measured local observables within 2.7 x 107°. This is a tree benchmark;
it does not certify large loop-bearing MPS states. Shared local matrices also limit how
independent the two solvers are.

An MPS ground-state approximation is characterized by its energy and variance,
Hamiltonian parameters, operator ordering, source geometry, N, D,,, and source-adjusted
Gauss diagnostics. Reproducibility requires the same state and numerical conventions.
Ground-state confidence further requires independent initializations and observable con-
vergence under bond dimension and cutoff. A small variance establishes proximity to an
eigenstate, not by itself to the ground state. These requirements apply before promoting
an energy difference or a profile to a physical result.

I1.5.2 Exact Sector Diagonalization of the C2 Patch

The C2 reference resolves the ground states of the open 3 x 2 honeycomb patch in explicitly
specified sectors. Its twelve four-state matter vertices and thirteen six-state quantum links
give 25 sites in the matter—link ordering; the Gauss-exact representation below uses twelve
vertex sites. The full product space has dimension 42613 = 219122084 616 339 456. Sector
factorization makes this problem accessible without an energy cutoff. The parameters are
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th =1, g% =2, A= p =20, with x = 0 in the main mass ladder and in the separation scan.
All energies are in units of ty,; several C2 figures write the hopping amplitude as J = t,.

Sources, symmetries and sector selection. The sources are classical colour charges
¢ = +1, ¢ = —1; no external quantum-doublet site is added. Both vertices belong to
sublattice A. The retained source blocks have j = 1/2, G2 = 3/4, and G? = ¢3/2; neutral
vertices are singlets. With all incident link-end generators added to the matter charge,
G, =Q,+ > 5, Eu., the source contribution is

MG, —q,)? = A3/4 = 263G% + (¢%)?) = 3)/4.

Thus the two-source Gauss minimum is 30, not zero or 40. The penalty-free Hamiltonian
Hy commutes with every local colour generator. The classical source penalty selects a
colour axis: at a source, the full Hamiltonian preserves G® and G2, but not generally G*, G?.
This is a fixed-source representation, not a demonstrated equivalence to a quantum-source
global singlet for all observables.

The determinant-free Hamiltonian also preserves D, = n, — Z@D ngp. In vertex order
1,...,12, the fixed-separation sectors with sources at vertices 1 and 3 are

dse = (—1,-2,—-1,0,0,0, -2, -2, -2, —2,—2,0),
(I1.21)
dyac = (0,0,0,0,0,0, —4, -4, —2,—2,—2,0).

Both profiles sum to —14, fixing N = 2N, + ) D, = 12. Each mass ladder remains in its
own fixed D, G2, N sector. Source-vacuum subtraction compares these two declared sec-
tors; it is neither a unitary source-switching protocol within one sector nor a minimization
over all possible imbalance profiles.

The separation scan uses a registered sector family Dg, that is, one specified before the
corresponding data were generated: the sources occupy vertices (1,2), (1,3) and (1,6) at
graph separations R = 2,4, 6, with Euclidean separations v/3, 2v/3 and v/21 bond lengths.
Each member fixes the labels D, along the source corridor by the same geometric balance
rule; the R = 4 member is the sector of Eq. (I1.21). At R = 6 three shortest paths join the
sources and three sectors are registered: a predeclared primary sector and two alternative
routes, B and C. Their spread is a systematic sector sensitivity, not a statistical error. All
source records share the vacuum reference of the same mass.

This additional local conservation law is physically significant. For the two-rishon
matrices, det U = 2|2,0)(0,2| and [nr,det U] = 2det U. A determinant interaction would
be an SU(2) scalar but would change the local imbalance labels. Its absence leaves
the source-free local algebra su(2) @ u(1), a U(2)-type quantum-link structure. The
results therefore concern the SU(2) colour algebra in specified Abelian sectors of the
determinant-free model, not an unconstrained realization of every pure-SU(2) sector.

Kinematic and physical Hilbert spaces. Enumerating 3'® = 1594323 link-end
occupation patterns, rather than all 6! colour-resolved link configurations, yields the
complete fixed-G3, D, N product bases, for example of dimensions 6 713 288 (source, R = 4)
and 4 498 399 (vacuum). These bases do not impose the minimal Casimir on every product
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vector. Local intertwiners further reduce them to the gauge-invariant physical blocks of
Table I1.1. For k spin halves, the multiplicity of spin j is

Mk,3) = (k/j— j) - (k/2 —kﬂ' - 1)’

with inadmissible binomial entries set to zero. Four spin halves admit two singlets; three
admit two fundamental intertwiners. Occupation labels alone therefore need not resolve
the colour-fusion multiplicity.

Sector Product (G3,D,N) Physical Gap, m =4 Gap, m=0.5
Vacuum 4498 399 16 502 9.230566 2.682117
R=2 4363471 21972 7.389744 1.462568
R=14 6713 288 27580 5.548551 0.756744
R = 6 primary 8726 960 33215 3.687790 0.501157
R = 6 route B 16 149597 46 829 3.684068 0.515613
R =6 route C 8662 564 32637 3.678736 0.587944

Table II.1: Fixed-G3, D, N product-sector and gauge-invariant physical dimensions of the six
registered C2 sectors, with the first excitation gap in each sector at the two endpoint masses
(th = 1, g> = 2, Kk = 0). The values were reproduced by the independent first-principles
implementation described below.

Sparse solution. A grouped sparse matrix—vector application and Lanczos iteration
determine the four lowest algebraic eigenvalues at a solver tolerance of 1072, The fixed-
separation set contains thirteen masses in two sectors (26 records), ten colour-diagonal
controls and ten x = 0.5 controls: 46 records in total. The six relocated-source records
are additional. The separation scan comprises ten source records, R = 2, 4 and the three
R = 6 sectors at both masses, of which the two R = 4 records are the ladder endpoints;
all share the two vacuum references. The ground levels are nondegenerate on the sampled
grid.

Every stored fixed-separation ground vector was re-evaluated on a regenerated basis
for norm, energy, residual, sector invariance, local profiles and mechanism projectors. The
largest ground-state residual is 3.10 x 10~'3; energy, profile and projector differences are at
most 4.20 x 10712, 2.7 x 10713, and 6.7 x 10716, The largest out-of-sector component of H1)
is approximately 2.0 x 10716, Independent fermionic Fock constructions, 144 small-system
term comparisons at 24 parameter points and a production-MPO comparison of 35,428
sampled matrix elements (maximum difference 7.39 x 107!3) test the operator assembly.
Removing Jordan-Wigner signs produces 2,925 predicted sign errors: agreement of Gauss
commutators alone would not establish the correct fermionic statistics.

Independent first-principles re-derivation. Every exact datum used for the separa-
tion scan was re-derived by a separate implementation that does not use the production
Hamiltonian assembly. Its local operators are constructed from four rishon modes per
link and two colour modes per vertex. They equal the production matrices up to a
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pure basis permutation, with no sign changes, and satisfy the su(2), anticommutation
and covariance identities exactly. The Jordan-Wigner Hamiltonian action was written
independently and checked against explicit fermionic Kronecker products on a test graph,
with difference zero; a negative control without Jordan—-Wigner strings fails that check.
For each sector the gauge-invariant physical block is spanned by the embedding U, of local
Casimir intertwiners, built by the routine of the thermal calculation (Sec. V.2.1) from
the production local operators; the Hamiltonian is applied matrix-free, and ground states
follow from Lanczos iteration with full reorthogonalization. For all twelve ground states
(six sectors, two masses) the re-derived values agree with the production results within
1.9 x 1072 for (Hy), 2.8 x 1073 for every (E?), 9.9 x 107! for every (n,), 8.2 x 107 for
every class probability of Eq. (I1.16) and 3.6 x 1073 for the gap. Eigenvector residuals
are at most 2.4 x 107!, and every neutral-vertex Casimir is at most 1.9 x 10713, For the
R = 4 source and vacuum sectors used in all real-time protocols, the hopping blocks of
the independently derived physical-block Hamiltonian equal the production ones element
by element within 5.5 x 107*% and 6.6 x 107!, and the electric diagonals agree within
2.3x107'% and 8.9 x 107 !6; the mass diagonal was not compared. Hopping energies are also
evaluated directly as named expectation values. The exact re-propagation of the real-time
protocols (Sec. IV.1.4) has its own diagonal, integrators and observables but shares the
production operator layer, hopping term list and Cartan assembly of the hopping part,
projected with the same embedding; its hopping blocks are those compared above.

Gauss-exact tensor networks. Approximate states are constructed in a matrix-product
representation in which the non-Abelian Gauss law holds by construction. One MPS site
per vertex carries the matter state and the rishon ends of its links, restricted to the local
Gauss target (a singlet at neutral vertices and the registered doublet component at the
sources) and to the local D, target. Every local basis state meets its Casimir, G* and
D, targets within 4.4 x 10716, The thirteen link constraints n; +ng = 2 and N = 12
are additive quantum numbers. Hopping becomes a product of two vertex-local bilinears
without a Jordan—Wigner string, and the Hamiltonian is a matrix-product operator of
bond dimension 10. The constrained sector dimensions equal the physical dimensions of
Table 1.1 exactly. The operator equals the certified physical-block Hamiltonian on 400
sampled product-state columns per mass (of 27,580 and 16,502) within 4.4 x 10716 (source)
and zero (vacuum), and on three random matrix-product states per mass to a relative
error of at most 3.7 x 10716; lifting a state to the physical block and back reproduces it
within 1.2 x 10714

DMRG [41] starts in each sector from a random matrix-product state of bond dimension
16 (a random circuit applied to the dominant basis configuration) and runs 40 sweeps,
raising the bond dimension stepwise to ymax = 768 (1024 for route B). Noise decreases
from 107 and is zero from the ninth sweep on; the cutoff is 107'° and the eigensolver
tolerance 10~14. Four acceptance criteria, fixed before any production data, compare each
state with the first-principles exact diagonalization (ED): SG1 |E — Ey| < 10719 SG2 the
named energy parts Hg, Hy,, Hyop, every (E?), (n,) and class probability within 107%; SG3
1 — F <107% SG4 every derived quantity within 1078, All twelve states pass (Table 11.2),
with energy variance at most 1.9 x 107%. The derived quantities of Sec. I11.1.2 agree within
7.9 x 107 for every Vp(R), 4.1 x 107! for every secant o, 7.9 x 10710 for every electric,
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mass and hopping budget entry, 5.7 x 107! for every T;SC’;S and 1.3 x 1071 for every Pyy;
the signed differences are shown in Fig. A.1 of Appendix A.

m=4 m = 0.5
Sector Dim. |E — Eo| 1-F SG2max x |E — Eo| 1-F SG2max x
Vacuum 16502 4.5x10712 87x10~1 6.1x10~1 151 1.7x10713 3.8x10~15 6.1x10~13 311
R=2 21972 3.1x10712 58x1071% 4.0x1071! 154 4.7x1071% 1.8x1071° 7.6x10~13 364
R=4 27580 2.3x10712 45x1071* 3.3x10~M 158 7.2x1071* 2.6x10715 3.9x10713 409

R =6 primary 33215 4.6x10~1 1.0x10~'* 1.1x10~'1 183 5.0x10~™ 2.7x10~1'5 5.4x10~12 527
R=6route B 46829 1.4x10712 3.3x1071% 9.5x10~1 270 1.3x10~13 2.7x10-15 84x10~13 675
R =6route C 32637 83x10~11 38x10712 1.7x1079 286 6.8x10'% 2.7x10~ 1.6x10~12 514

Table I1.2: Gauss-exact DMRG from random initial states compared with the first-principles
exact ground states of all six registered sectors at both masses. Energies are in units of t,; F' is
the squared ground-state overlap and SG2 max the largest deviation among the named energy
parts, local observables and class probabilities. y is the bond dimension reached. All twelve
states meet the acceptance criteria SG1-SG4.

An earlier engine without symmetry quantum numbers, which imposed the Gauss law
and the D, labels only through the penalties Hg; and Hp, reproduced the high-mass states
(1—F =5.8x10"1 and 1.5 x 107'% for source and vacuum at R = 4) but not the low-mass
source states; a refined low-mass vacuum passed individually, but no low-mass pair was
certified, and its two-site time evolution violated the Gauss constraints (Sec. IV.1.4). For
C2 it is superseded by the Gauss-exact construction and enters none of the C2 results.
It is the only engine applied to the wider C4 and C8 patches (Sec. I11.1.4), where its C2
record limits what is claimed. With the gauge constraint imposed in the basis, and with
larger bond dimensions (xmax = 768-1024 against the earlier cap 400), DMRG reaches the
low-mass ground states that the penalty-based engine missed; the two changes are not
separated. Constraint leakage is removed by construction.

Gauss-penalty independence at the examined points. Writing H(\) = Hy + AKg,
the verified minimal block has K., = 3/2 in the source sector and zero in vacuum. If the
ground state at A = 20 lies in this block, then

H(N) — Eo(N) = H(20) — Eo(20) + (X' — 20)(Kg — Kmin) = 0 (N >20).  (11.22)

The same vector remains a ground state; only the known constant changes. This statement
applies to the examined parameter points and sectors. Separate Lanczos solutions at
A = 40 for both endpoint masses and both sectors reproduce the expected source shift +30
and vacuum shift zero within 2.8 x 10713; profile changes are below 9 x 107!4. Across the
36 full-colour main and plaquette-control states, ||(Hg — hmin)¥|| < 2.734 x 10713, The
imbalance penalty vanishes identically in the fixed-D basis. The colour-diagonal control
does not share the minimal Gauss block and is therefore excluded from this argument.

I1.5.3 Physical-Sector Thermal Representation

The complete C2 source and vacuum spaces have dimensions 27,580 and 16,502, with fixed
N, D,,G3, full local Gauss representations and no energy cutoff. Canonical traces use
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the penalty-free Hy. Sparse pure-state thermal steps are treated separately from exact
GKSL identities and from ensemble convergence; Chapter V and Appendix B give the
corresponding controls.

11.5.4 Reproducibility

The physical meaning of a stored state depends on its basis order, geometry, local matrices,
fermionic convention, sector labels, parameters and measurement Hamiltonian. The
static and dynamic C2 figures are generated from certified records and checked against
independently reconstructed operators. Hashes bind figure inputs to the archived campaign
data; they identify files but do not replace a physical validation argument.



Chapter 111

Static Response and SU(2) Structure

The static analysis first resolves source response on the C2 patch, compares it with
variational states on the wider C4 and C8 patches, and then separates connectivity,
matter dressing, energy cost and local colour recoupling. All conclusions are finite-sector
statements.

ITII.1 (2+1)D Source Sectors

The exact honeycomb static analysis is carried out on the two-cycle C2 patch of Fig. 11.1.
Two questions are separated. At fixed graph separation R = 4, a thirteen-mass ladder
resolves how the character of the ground state changes within one conserved sector
(Sec. I11.1.1). A separation scan at R = 2,4, 6 and the two endpoint masses then measures
the static potential, the finite-distance force and its energy budget (Sec. 111.1.2). All C2
values are exact sector results. The separation-scan data are independently re-derived from
first principles, and Gauss-exact DMRG reproduces all twelve ground states of the scan,
six sectors at two masses (Sec. 11.5.2). A third subsection repeats the exact calculation
with the electric and plaquette couplings varied one at a time (Sec. I11.1.3). A fourth
compares the response at m > 2 with variational states on the wider C4 and C8 patches
(Sec. I11.1.4); these carry their own numerical status and do not enter the C2 statements.

The interpretive labels follow fixed criteria. Confinement-like character denotes flux-
supported source connectivity together with a positive, approximately constant separation
cost over the sampled window. Deconfinement-like (screening-like) character denotes
weakening of the connected flux support and of its energetic cost. Both labels characterize
responses of this finite patch, not thermodynamic phases. Static string breaking in QCD [5]
provides the reference phenomenology, although its gauge theory and source prescription
differ from the present model.

II1.1.1 Mass Dependence at Fixed Separation

Exact sector diagonalization resolves a mass-dependent reorganization of the C2 ground
state at graph separation four, from string-like electric support to a screening-like
(deconfinement-like) configuration mixture. The conclusion follows jointly from all-path
connectivity, source-local matter support, spatial responses and energy decomposition. It
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is distinct from the smaller loop-bearing C1 pilot of Sec. I11.2.

Geometry and fixed-sector comparison. The open 3 x 2 patch contains twelve
matter vertices, thirteen links and two independent cycles. Vertices 1-6 belong to A,
and 7-12 to B. The classical sources at vertices 1 and 3 have degrees 1 and 2; their
cell-coordinate separation is R, = 2, whereas the graph distance is four links. The selected
pathis 1 — 7 — 2 — 8 — 3, with ordered links [1,3,2,5]. All thirteen masses are
evaluated at the same source or vacuum labels specified in Eq. (I1.21), with N = 12, ¢, = 1,
¢> =2, A= pu =20, and k = 0. The ground-state change is therefore not produced by
choosing a different imbalance sector at each mass. Neither the source nor the vacuum
ladder establishes a global minimum over all superselection sectors.

Connectivity and local screening support. The active-link projector is ay = 4E? /3,
with eigenvalues zero and one. In each configuration, the active links form a subgraph.
The projector expectation P,y is the probability that this subgraph connects the sources,
evaluated by all 23 activity masks, rather than by multiplying single-link means. The
selected-corridor weight is Piei; Pat = Pany — FPsel counts connected configurations without
the complete selected corridor, and P,, = 1 — P,,,. The projector Pg(v) additionally
requires exactly one matter particle at v and no active incident link; P, requires this
at both sources simultaneously. These are configuration weights, not meson counts or
pair-production rates.

m Asrc Avac Pany Pff(l) PH(S) Pboth AI—IO

0.25 0.8717 2.2481 0.0145 0.7512 0.2572 0.184 2.5753
0.5 0.7567 2.6821 0.0289 0.7244 0.2376 0.160 3.0817
0.75 0.6518 3.1295 0.0614 0.6712 0.2136 0.130 3.5489
1 0.5734 3.5835 0.1434 0.5487 0.1877  0.0926 3.9547
1.125 0.5665 3.8121 0.2187 0.4514 0.1719  0.0710 4.1203
1.25 0.6014 4.0416 0.3150 0.3454 0.1525  0.0501 4.2510
1.375 0.6863 4.2718 0.4158 0.2543 0.1311  0.0333 4.3447
1.5 0.8165 4.5027 0.5055 0.1889 0.1109  0.0218 4.4056
1.75 1.1716 4.9664 0.6383 0.1160 0.0802  0.0101 4.4590
2 1.5982 5.4325 0.7244 0.0808 0.0608 0.00528 4.4595
2.5 2.5417 6.3712 0.8242 0.0478 0.0392 0.00196 4.3941
3 3.5318 7.3177 0.8780 0.0322 0.0277 0.000914 4.3004

4 5.5486 9.2306 0.9317 0.0176 0.0160 0.000284 4.1151

Table IIL.1: Exact source and vacuum ground states on C2, t;, = 1,¢g°> = 2, A = = 20, x = 0,
with source vertices 1 and 3 at graph distance four. Agcvac = (E1 — Eo)sre,vac- Pany tests
any active connection and Pn, = 1 — Pany. Pg(v) requires a flux-free vertex with one matter
particle; Pyon requires this at both sources. AHy = (Ho)sre — (Ho)vac. At degree-one source 1,
Pg(1) =1 —4(FE?)/3. All 46 exact records, including Table I11.3, were separately recomputed
on regenerated bases using a shared Hamiltonian term list; ground-state residuals are at most
3.1 x 10~ '3, Digits are rounding, not statistical errors.

At m =4, P,y = 0.931665093994, Py = 0.931665086296, and P,y = 7.69836 x 107°.
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The mean source-subtracted corridor Casimir response is 0.706560160443, close to the
active-link value 3/4, while P, = 0.000284349301. These observables identify a string-like
ground state. At m = 0.5, connectivity falls to 0.028903779213, with P, = 1.69628 x 1075,
while Pg(1) = 0.724369043404, P¢(3) = 0.237630994687, and Pyotn, = 0.159918944625. The
loss of connectivity is therefore not compensated by rerouting within this sector. However,
the joint weight near 0.16 does not imply complete screening in every configuration. At
the degree-one source, Pg(1) = 1 — 4(E?)/3, verified within approximately 107'%; these
two quantities are not independent witnesses.
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Figure III.1: The thirteen-mass C2 source ladder. The all-path and selected-corridor weights
nearly coincide; the alternative-path contribution remains small. Source-local flux-free matter
support grows as connectivity decreases. The shaded half-weight bracket is a discrete-grid
diagnostic, not a critical region or statistical confidence interval. Lines connect sampled values.

Spatial response and particle-hole dressing. The electric and matter responses are
pe = (E}) e — (EF)vac and An, = (ny)sre — () vac. They subtract a fluctuating interacting
vacuum, not an empty matter lattice. The staggered reference is A-empty and B-doubly
occupied. At N = 12, Npay = Na = > cyny and M = 3 nn, = 2N4 — 12. Thus
hopping can create particle-hole content relative to that reference without changing total
matter number.

At high mass the source and vacuum pair expectations are 0.448023815640 and
0.533404195646; their small negative difference —0.08538038 is reduced dressing, not a
negative particle number. At low mass these become 3.830187820885 and 2.851730841905,
giving an excess A(N4) = 0.978456978981. The source responses Any, Anz change from
(—0.0254124, —0.0222025) to (0.4288789,0.1923399). Positive response also appears at the
intervening vertex 2, and negative response at neighbouring B vertices 7-9. The sum over
all twelve vertices vanishes, as required by equal total V.

Figure I11.3 places the same signed responses on the physical graph of Fig. I1.1. At
high mass the electric response is concentrated on the connecting corridor. At low mass
its suppression accompanies a distributed matter rearrangement around the sources and
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—— m=4 —— m=1.5 —— m=0.5

0.0 + —F— \.,¥ E—

1 2 3 4 5 6 7 8 9 10 11 12 13
link ID (not spatial distance)

0.4 - —— m=4 —e— m=1.5 —o— m=0.5

0.2 1

0.0

An,

—0.2 A

—0.4

1 2 3 4 5 6 7 8 9 10 11 12
matter vertex ID

Figure II1.2: All thirteen link responses and twelve matter responses at three masses. Shading
identifies corridor links or source vertices; the link index is not a spatial-distance coordinate. The
low-mass state retains short-link electric support and a spatially distributed matter response.
The profiles are differences between specified source and vacuum sectors, not colour-resolved field
vectors.
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neighbouring vertices. Together with the all-path projector, these maps distinguish loss
of a connected string from simple rerouting. The colour of a link represents a Casimir
difference, not a directed electric-field component; small negative responses are retained.
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Figure III1.3: Exact source-vacuum responses at m = 4 and m = 0.5, in the actual honeycomb
embedding. Top: py, with one common signed colour scale for both masses. Bottom: An,,
with a separate common signed scale. Black rings mark the imposed source positions; labels
are vertex IDs. Identical scales expose the electric suppression without rescaling the low-mass
signal. Matter response sums to zero at fixed N = 12. These finite-sector maps support the
static mechanism; they do not measure a transverse string width or a time-dependent breaking
process.

The signed off-corridor fraction is

Zzec Pe
€of = 1 — =", E pe > 0. (IH.l)
Ze Pe 7

It is neither a transverse width nor a configuration probability; negative link responses
retain their signs. The endpoint values are 0.002007684118 and 0.130037321, while the
mean corridor response falls from 0.706560160443 to 0.139871624851. At high mass, the
largest off-corridor response is 0.002469411606, exceeding the predetermined narrow-tube
criterion 0.001. The supported description is therefore a corridor-concentrated string-like
response with neighbouring-link support, not a quantitatively resolved narrow tube. At
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low mass py = 0.119097348281 remains, even though this link is outside the chosen corridor.
The total source electric energy is 2.423588876213, compared with vacuum 1.780473358051:
loss of source-to-source connectivity is not disappearance of all electric flux. Full numerical
profiles are given in Appendix A.

Energy competition. The physical source energy is
Vi(m) = (Ho)sce — (Ho)vac = MA(M) + A(Hg) + A(Hpop) (I11.2)

for the main x = 0 ladder. In the verified minimal-Casimir blocks, V' = Eygc(Hopt) —
Eovac(Hopt) — 30. The source penalty cannot be retained in a physical source-vacuum
energy. The endpoint budgets are

m | mAM) A(Hp)  A(Hmop) 4
4 | —0.68304304 2.83192626 1.96625573 4.11513894
0.5] 0.97845698 0.64311552 1.46009192 3.08166442

The electric cost decreases as matter dressing increases. The positive hopping difference is
also essential: sources suppress part of the vacuum’s kinetic-energy gain. At low mass the
electric difference corresponds to 0.857487357549 active links in expectation, not an integer
link count for each configuration. Energy components reconstruct Hy within 5.03 x 10712;
the mass term and density-derived staggered occupation agree within 9.31 x 107'3. The
role-wise data satisfy Hellmann—Feynman and concavity bounds,

dEy
dm
The source-vacuum slopes are —0.170760760013 at m = 4 and 1.956913957961 at m =

0.5, close to the classical zero-pair and one-pair slopes without implying pure classical
configurations.

= (M),  (b—a)(M), < Ey(b) — Eo(a) < (b— a){M),.

Classical configurations and quantum mixing. Att, = x = 0, exhaustive occupation
counting gives the branches in Table [I1.2) relative to the common source reference
—12m + 30. For positive mass the source—vacuum lower envelope is

Va(m) = min{3, 2m + 3/4, 4m},

with crossings at m = 9/8 and 3/8.

The imbalance profile admits only one zero-pair occupation pattern: the selected
corridor. Enumeration of all 150 rerouted patterns shows that a connected alternative
needs at least four pairs and six active links. Consequently, corridor dominance reflects both
sector kinematics and Hamiltonian energetics. It cannot be interpreted as unconstrained
route selection by the electric energy alone.

At t, = 1, the smallest sampled source gap is 0.566476607192 at m = 1.125, consistent
with the first classical competition scale. The half-connectivity bracket is instead [1.375, 1.5],
with endpoint weights 0.415795316338 and 0.505536916894. Linear interpolation gives
approximately 1.49229, a descriptive value rather than a critical mass. The strongest
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Class Patterns Energy  Structure

String 1 3 Four corridor links, no pairs
One-pair 3 2m+3/4 One pair, one active link
Two-pair 3 4m  Two pairs, no active links
Lowest rerouted 2 8m+9/2 Four pairs, six active links

Table III.2: Lowest classical occupation classes in the fixed source sector at ¢?> = 2, t, = k = 0.
Pattern counts are occupation counts, not fusion-resolved Hilbert-space dimensions. The common
source reference —12m + 30 has been subtracted.

sampled electric and pair-response variation is in [1.125, 1.25], with electric finite-difference
slope 2.131284610830; neighbouring intervals have comparable slopes. These distinct
diagnostics describe gradual quantum reorganization, not a sharp onset or thermodynamic
transition.
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Figure III.4: Source-vacuum physical-energy components, the classical lower envelope, and the
sampled source gap. Classical branch crossings and the half-connectivity bracket are distinct
from the sampled gap minimum. The exact t;, = 1 values include kinetic dressing; the classical
branches use t;, = 0. No critical-point fit is made.

A separate four-level calculation at seven masses further constrains the interpretation.
At m = 1.125, P,y (Ey,. .., E3) is approximately (0.2187,0.1241,0.0149,0.1037): none
of these levels is predominantly string-like. A simple two-level string/screened avoided-
crossing picture is therefore not established. At m = 4, the three excited levels lie
approximately 5.549-5.967 above the ground state and have P,,, < 0.002381, consistent
with the classical one-pair excitation scale 2m — 9/4 = 5.75. Even at m = 0.25, where the
classical two-pair branch is lowest, the quantum excess pair number is only about 1.042
and P,on =~ 0.184; classical branch labels are not identities of the dressed ground states.

Plaquette and colour-diagonal controls. The five-mass controls in Table [11.3 retain
the same patch and sector definitions. Adding x = 0.5 preserves both endpoint characters;
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the largest sampled changes in Py, Promn and V' are approximately 0.00297244, 0.001226
and 0.02629. This is a two-coupling comparison, not a plaquette phase diagram. The
colour-diagonal control retains only a = b hopping. It conserves G, but changes the
full SU(2) dynamics and occupies a nonminimal Gauss block: (Hg)ge — 30 = 0.104823—
0.112884 and (Hg)yae = 0.129294-0.137549. Its differences include finite-\ effects as well
as removed colour mixing. It is not an independently matched U(1) theory. Moreover,
E? =3(1—&7)/4, where & = (ng — ng.r)/2; scalar occupation and connectivity alone do
not establish a uniquely non-Abelian mechanism.

Pany (El - EO)src
m SU(2) Cartan x=0.5 SU(2) Cartan x=0.5

0.5 0.0289 0.00584 0.0286 0.7567 0.2901 0.7012
1 01434 0.0832 0.1464 0.5734 0.1670 0.5477
1.5 0.5055 0.8322 0.5084 0.8165 0.7318 0.8144
2 0.7244 09152 0.7245 1.5982 1.7054 1.6005
4 0.9317 09813 09316 5.5486 5.7125 5.5493

AHy
m SU(2) Cartan x=0.5

0.5 3.0817 2.3722 3.1080
1 3.9547 3.3352  3.9689
1.5 4.4056 3.5635 4.4079
2 44595 3.5239 4.4595
4 41151 3.3582 4.1151

Table II1.3: Same-patch controls at the parameters of Table III.1. Cartan retains only
colour-diagonal hopping: it conserves G2, breaks G'? and has non-minimal Gauss penalty,
(Hg)sre — 30 = 0.1048-0.1129 and (Hg)vac = 0.1293-0.1375. The x = 0.5 column adds a
plaquette term to the full-SU(2) Hamiltonian. The remaining columns use x = 0.

Source-relocation control. Moving the sources to vertices (4,6) preserves graph
distance four and uses the corridor 4 — 10 — 5 — 11 — 6, with links [6,9,8,12]. The
source degrees become (2, 3); the new placement is not bulk, since vertex 6 has a degree-one
neighbour. Its imbalance sector is rederived from the same geometric balance prescription,
yielding 6 513 874 kinematic states. Keeping the original imbalance labels would give an
empty intersection with the new source targets.

The criteria fixed before data generation were P, > Py, at m = 4, P,y < P, at
m = 0.5, and P,y < P, at both endpoints. Both placements satisfy them. The relocated
connectivity is 0.931495103145 at high mass and 0.030225535698 at low mass. At low
mass, Pg(4) = 0.598457337256, Py(6) = 0.229431925325, and B, = 0.125389271021; the
high-mass mean corridor response is 0.706505447348. The qualitative endpoint change
therefore survives removal of the degree-one source, while local screening weights remain
placement-dependent.
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Figure IIL.5: Original and relocated sources at four-link graph separation. The six shared
masses bracket half-connectivity by [1.25,1.5] and [1.5, 2], respectively. These brackets have the
same sampling resolution; the denser original thirteen-mass ladder is not used to imply equally
fine resolution for the relocated sources, which the post-closure supplement described in the text
resolves on the full grid. Lines are guides between measured masses.

The shared-grid interpolants 1.49273364 and 1.52892253 differ by 0.03619, but this
is not a continuously resolved shift with statistical error bars. The four intermediate
relocated masses were independently reconstructed and solved; 388 numerical checks give
worst recorded residual, energy and profile differences of 2.354 x 10713, 1.283 x 1073,
and 1.439 x 1073, The control supports persistence of the endpoint characters on this
finite patch, not general boundary independence: source position and coordination change
together. A post-closure supplement solves the relocated sector with the unchanged solver
at the seven remaining masses of the thirteen-mass grid; its recomputed m = 2 anchor
reproduces the closure record exactly. On the full grid the relocated half-connectivity
bracket is [1.5,1.75], with linear interpolant 1.524, against [1.375,1.5] and 1.492 for the
original sources. The relocated ladder is the exact comparator of Sec. [11.1.4.

II1.1.2 Static Potential and Finite-Distance Force

Separation scan. The separation scan places the sources at vertices (1,2), (1,3) and
(1,6), at graph separations R = 2, 4,6, in the registered sector family Dy of Sec. [1.5.2,
and evaluates the two endpoint masses m = 4 and m = 0.5. Each source record is
compared with the vacuum of the same mass through the penalty-free potential and
finite-distance force of Eq. (I1.17). This is a comparison along one registered sector family,
not a minimization over all superselection sectors. Table [11.4 and Fig. [11.6 collect the
ground-state data, and Table [11.5 gives the secants with their energy budget.

Heavy mass: confinement-like separation cost. At m = 4 the potential rises in
nearly equal steps of graph distance, Vp = 2.063, 4.115 and 6.177 for R = 2,4,6. The
finite-distance force is 1.026100 and 1.031033¢,/a per graph link on the two intervals; the
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Figure ITI.6: Static separation dependence at m = 4 (crimson) and m = 0.5 (blue), from exact
diagonalization of each registered sector; J = t,, and Peonn = Pany. (a) Source potential Vp.
(b) Finite-distance force per graph link agf, titled effective string tension; that name applies
at m = 4, where Vp rises linearly. Segments mark the sampled intervals [2,4] and [4, 6], with
symbols at the midpoints. (c) Ground-state electric response. (d) Connection probability (filled
circles, solid) and flux-free endpoint support P>g (open triangles, dashed). In (a,b) open squares
and diamonds are the alternative R = 6 routes B and C, offset horizontally by +0.2 and —0.2; in
(a) the two masses at R = 2 are offset by 70.12, and in (d) all points by F0.15. Black bars are
the independent Gauss-exact DMRG values; they agree with the exact values within 1.3 x 10710
in the respective units.
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m =4 m = 0.5
R Vb T;Sé)s Pany  P>1 Vb T;S(I;,)S Py P>
2 2.063 0.709 0.967 0.033 2.130 0.344 0.416 0.559

4 4115 0.708 0.932 0.033 3.082 0.161 0.029 0.802
6 6.177 0.707 0.896 0.033 3.585 0.093 0.0009 0.865

Table II1.4: Exact ground-state data of the primary sectors along the registered separation
family. Vp is in units of ¢, and 75 &g in tn/a; probabilities are dimensionless. The R = 4 row is
the endpoint of the fixed-separation ladder of Sec. I11.1.1.

0.48% change is not significant against the sector systematic. The three registered R = 6
sectors give Vp(6;4) = 6.177204, 6.177146 and 6.155685 for the primary sector and routes
C and B, so that o;[4, 6] spans 1.0203-1.0310 across them. The effective string tension of
the patch is therefore

ol (m =4) = 1.03£0.01 t;,/a per graph link, (I1L.3)

approximately constant over 2 < R < 6; the uncertainty is the envelope of the sector
spread, not a statistical error. About 69% of the cost is electric (& = 0.707366 and
0.705375), the ground-state electric response is nearly independent of R (T;Sé’s =0.707-
0.709), and 90-97% of the source weight is connected, with flux-free endpoint support
near 0.033. Together these observables form the confinement-like signature of the patch:
a connected electric flux string whose energy grows approximately linearly with graph
separation.

Second-order strong-coupling perturbation theory in the hopping, a heavy-mass expan-
sion, gives without free parameter the cost of a source-connecting link,

M) = |5 T Im T 8g7/8  2m 3428

2 2 2
L3 At i ] (I11.4)
The first term is the bare j = 1/2 electric energy of an active link. In the heavy-mass
vacuum no link carries flux, and virtual pair creation across each link, with intermediate
energy 2m+3g*/8 and total weight 4¢2, lowers the vacuum energy; a string link forgoes this
fluctuation and instead admits a virtual process that removes its flux, with intermediate
energy 2m — 3g*/8 and weight t2. At m = 4 the estimate is 1.069 ¢, /a (electric 0.697, mass
—0.266, hopping +0.638), compared with the measured 1.026-1.031 (electric 0.705-0.707,
mass —0.163 to —0.171, hopping +0.482 to +0.497). The predicted correction 40.32 to
the bare link energy 3¢/8 = 0.75 compares with the measured +0.28, so that the totals
agree to about 4%; the remaining difference is attributed to higher orders in the hopping.
The [4, 6] interval also contains an endpoint-degree change that this per-link estimate does
not describe.

Light mass: screening-like softening. At m = 0.5 the finite-distance force falls from
0.475783 to 0.251805t,/a, by 47%, and by 47-53% across the three R = 6 sectors
(05 [4,6] = 0.2252-0.2518). The electric contribution is negative on both intervals,



II1.1 (2 + 1)D Source Sectors

27

m  Interval Uefo ob ol Jﬁp
4 [2,4] 1.026100  0.707366 —0.162969 0.481702

4 [4,6] 1.031033  0.705375 —0.171438 0.497095
0.5 [2,4] 0475783 —0.022312  0.355432 0.142664
0.5 [4,6] 0.251805 —0.042268  0.083543 0.210530

Table IIL.5: Finite-distance force per graph link (at m = 4 the effective string tension of the
patch) and its electric, mass and hopping contributions, in units of t,/a, for the primary sectors.
Across the three R = 6 sectors the total on [4, 6] spans 1.0203-1.0310 at m = 4 and 0.2252-0.2518
at m = 0.5. The hopping contribution was obtained from the energy balance and is reproduced
to the printed digits by a named contraction.

oP = —0.022312 and —0.042268: separating the sources lowers the source-vacuum electric

energy, while mass and hopping contributions keep the total cost positive. Connected flux
collapses with distance, P,,, = 0.416, 0.029 and 0.0009, while flux-free endpoint support
rises to 0.559, 0.802 and 0.865, and the electric response falls to 0.093¢,/a at R = 6. For
R > 4 connected-flux support is strongly suppressed and the sources are accompanied by
dynamical matter: a deconfinement-like, screening-like static response.

The remaining positive cost does not indicate a residual string tension. Besides the
two SU(2) sources, the registered Dp sectors fix the local U(1) labels D, along the source
corridor, and these labels are conserved by H. While the connected flux disappears,
alternate corridor links remain predominantly in the reversed-rishon configuration, with
rishon number 1.72-1.91 at the A end against 0.16-0.31 in the vacuum, on which the
vacuum pair fluctuation is kinematically excluded. The continued rise of Vp after the
connected flux has disappeared is attributed to these conserved labels; a comparison with
other corridor-label families, which would test this attribution, has not been carried out. A
plateau of the potential or a string-breaking distance cannot appear within this family and
is not claimed; the light-mass potential is conditional on the registered corridor sectors.
With dynamical matter a screened branch can become the ground state at large separation
[5], so its absence here is a property of the sector family rather than evidence against
string breaking.

Energy budget and electric response. At heavy mass the electric contribution stays
near 0.706¢,/a and the total near 1.03¢y/a: separating the sources maintains a flux-
supported energy cost. At light mass the electric excess decreases with separation, while
mass and hopping contributions retain a positive total. The negative heavy-mass mass
contribution is the slope of a source—vacuum energy difference, not a negative bare mass,
and the hopping contribution is the kinetic energy of the quantum state, not a separately
measured classical flow of electric energy. The ground-state electric response is neither
the electric derivative o2 nor the full force: at m = 0.5 both electric slopes are negative
although both total forces are positive. At R = 4, lowering the mass from 4 to 0.5 reduces
Tgsé)s from 0.707982 to 0.160779 and P,y from 0.931665 to 0.028904. Connectivity is a
configuration probability, whereas the force is an energy cost between different separations;
their concurrence supports string-like versus screening-like finite-patch character without
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C> (Lx=3, Ly=2): Energy Contributions to the Effective String Tension
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Figure IIL.7: Energy budget of the finite-distance force (titled effective string tension, the
heavy-mass name), Uefo =l +ol + aﬁp (bars; J = ty). Circles in the mass colours are the
sums. (a) At m = 4 the electric part stays near 0.706 t;,/a on both intervals: a flux-supported,
confinement-like cost. (b) At m = 0.5 the electric part is negative, while mass and hopping carry
the positive total within the registered corridor sector. The [4, 6] bars use the primary R = 6
sector; across the three R = 6 sectors every component keeps its sign, while the light-mass split

varies (oz from —0. to —0. , 0, Trom 0. to 0. , O rom 0. to 0. .
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establishing singlet screening.

Geometry of the scan. At R = 2 and 4 the source vertices have degrees (1,2); at
R = 6 they have degrees (1, 3), and the source direction rotates by 19.1°. The second
interval therefore combines separation and endpoint-geometry effects. Since R counts
graph links, o is a force per link. A normalization per Euclidean length is not constant:
at m = 4 it gives 1.185 and 1.844 ¢, per bond length for the two intervals. At R =2 and
4 a single shortest path joins the sources, and the heavy-mass geodesic control equals
the all-link response within 0.002¢,/a. At R = 6 three shortest paths join them; the
heavy-mass electric response occupies one of them, whose geodesic weights sum to 5/9, so
the path average falls to 0.393 =~ (5/9) x 0.707. This reflects path multiplicity, not electric
weakening. Effective-string analyses of (2 + 1)D pure SU(2) Yang-Mills theory show
how finite-distance corrections enter such secants [9]; that theory supplies methodological
context, not a numerical string tension for the present quantum-link model. An asymptotic
string tension requires additional separations and control of source coordination and
orientation; three C2 separations establish a finite-distance force along the registered
family.

Numerical reliability. All separation-scan values of this subsection are exact sec-
tor results, re-derived by the independent first-principles implementation of Sec. 11.5.2,
which reproduces every potential, secant, budget entry, electric response and connec-
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tion probability to the printed digits; recorded and re-derived secants differ by at most
1.6 x 10712 ¢, /a. Gauss-exact DMRG, started from randomized states, reproduces every Vp
within 7.9 x 107! every secant within 4.1 x 107! ¢}, /a (Table I11.6) and every connection
probability within 1.3 x 1071,

Interval ofp(m=4) DMRG-ED of,(m=0.5) DMRG-ED
2, 4] 1.0260995059 —3.1 x 10713 0.4757834773 —7.1 x 10715
[4,6] primary 1.0310327537 —9.8 x 1073 0.2518049050 +1.1 x 10~
[4,6] route B 1.0202731346 —5.2 x 1071 0.2251810054 —1.8 x 1071°
[4,6] route C  1.0310037752 +4.0 x 107 0.2411846125 +5.3 x 10715

Table ITI1.6: First-principles exact finite-distance secants per graph link and signed differences
of the independently optimized Gauss-exact DMRG, in units of ¢, /a.

Scope of the result. The fixed-separation ladder establishes a string-like to screened-like
reorganization of the specified C2 ground state. The separation scan adds an approximately
constant heavy-mass separation cost of 1.03 + 0.01¢,/a per graph link, in agreement with
the strong-coupling estimate, and a screening-like light-mass softening with negative electric
slope. Numerical residuals describe solver accuracy, not uncertainty from finite volume,
sector choice or discrete sampling. No asymptotic string tension, light-mass potential
independent of the registered corridor sectors, singlet screening, breaking distance or infinite-
volume phase transition follows from these finite-patch data. Real-time breaking and
formation are treated in Sec. IV.1. Section [II.1.4 compares the heavy- and intermediate-
mass response with variational states on the wider C4 and C8 patches; no C4 or C8 value
enters the statements above.

Thermal reference states. The exact C2 endpoint states at R = 4 also supply the
zero-temperature references for Sec. V.2. Thermal holds start from the exact vectors.
The static connectivity contrast does not itself determine finite-temperature stability or a
relaxation time.

Honeycomb meson scope. A path-resolved meson operator contracts the matter
colours with an ordered product of the link transporters. Its path, orientation and fermionic
registration must be held fixed in the source and reference measurements. Different paths
on a loop are distinct operators. The all-path projector is an occupation observable, not
such a coherent Wilson-line correlator. No honeycomb screening length is inferred from it,
and no large-distance meson fit is inferred from the connectivity measurements. Length
extraction requires a resolved correlator over several separations, a stable fit window and
geometry convergence.

I11.1.3 Coupling Dependence on C2

Scope and registration. The C2 results above use ¢g?> = 2 and x = 0. Two further
exact scans vary one coupling at a time on the same patch, with the same registered source
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and vacuum sectors, the R = 2 sector and the three R = 6 sectors of Sec. [11.1.2. The
grids, gates and expectations were fixed and sealed before the first point was computed;
the plaquette-branch classification used for the s scan below was introduced after the data
had been seen, for presentation only. Each point is an exact sector ground state obtained
with the solver and gates of Sec. 11.5.2; a point that fails a gate or has a degenerate
ground level is excluded from every derived quantity. The Gauss penalty is raised with
the couplings, A = 20 max(1, g?/2, k), so that the separation of Casimir blocks grows with
the electric and magnetic energy scales; by Eq. (I1.22) the physical results do not depend
on A once the ground state lies in the minimal block, and two registered checks at A = 80
test this premise. Six anchor points reproduce the earlier g?> = 2 records, including the
k = 0.5 control, within 3.8 x 10712, and the two A = 80 checks, at (g2, m) = (4, 3) and
(k,m) = (2, 1.5), reproduce the corresponding A = 40 points within 8.4 x 107!, Of the
306 new points, six fail one gate, the identity between two evaluations of the flux-free
endpoint probability, with differences of (1.0-2.1) x 107! against a bar of 107'%; they are
excluded, and none of them enters a registered outcome.

Electric coupling. The electric coupling takes the values ¢ € {0.5,1,1.5,3,4,6,8} at
k = 0, on the scaled-mass grid p = 2m/g* of the thirteen-mass ladder, so that g? = 2
reproduces the original masses. At t, = k = 0 the string, one-pair and two-pair branches
of Table I11.2 have energies 3¢g%/2, 2m + 3¢*/8 and 4m relative to the common source
reference, so the first classical crossing lies at m} = 9¢2/16, that is at uj = 9/8 for every
coupling. Expectations fixed before the calculations were that the half-connectivity mass
mys lies at or above mj for every g* > 1 with (my/s — mj)/g* decreasing with ¢, and
that the heavy-mass force at p = 4 approaches the strong-coupling estimate of Eq. (I11.4)
as g2 grows.

9> A my bracket  my m;  ol]2,4] [4,6] routes o5 o(p=3)/0(n=4)
0.5 20 < % on grid - 0.28125 0.620 0.530-0.549 - 0.352
1 20 [1,1.25] 1.212  0.5625 0.784 0.762-0.795 1.013 0.386
1.5 20 [1.3125, 1.5] 1.349 0.84375 0.898 0.887-0.907 0.988 0.434
2 20 [1.375, 1.5] 1.492 1.125 1.026 1.020-1.031 1.069 0.464
3 30 [1.6875,1.875] 1.842  1.6875 1.324 1.322-1.325 1.338 0.472
4 40 [2.25,2.5] 2.309 2.25 1.653 1.652-1.654 1.660 0.441
6 60 [3,3.375] 3.343 3.375 2.354 2.354-2.355 2.356 0.359
8 80 [4,4.5] 4.428 4.5 3.079 3.079-3.079 3.080 0.298

Table IIL.7: Exact C2 response at k = 0 for each electric coupling g2, on the scaled-mass grid
i = 2m/g? of the thirteen-mass ladder. The half-connectivity bracket consists of the two sampled
masses between which P,y — % changes sign; my /s is its linear interpolant, a descriptive grid
value rather than a critical mass, and m} = 9¢%/16 is the classical string/one-pair crossing. The
finite-distance forces per graph link (t,/a) are taken at u = 4 (m = 2¢?); the [4, 6] entry spans
the three registered R = 6 routes and is a sector spread, not an error bar. oy is the second-order
strong-coupling estimate, omitted for g2 < 1. The last column is the ratio of the [2,4] forces at
= % and p = 4. X is the Gauss penalty used; physical values are A-independent (Sec. 11.5.2).
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(a) Connectivity vs Scaled Mass (b) Half-Connectivity Mass (c) Heavy-Mass Force
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Figure ITI.8: Exact C2 response at R = 4 and x = 0 for eight electric couplings. (a) Connection
probability against the scaled mass u = 2m/g?; the dashed line marks the classical crossing
wi =9/8. (b) Half-connectivity mass, the linear interpolant within the bracketing grid masses
(error bars span the bracket; no value exists for g2 = 0.5), against m} = 9¢2/16. (c) Finite-
distance force per graph link at u = 4 with the envelope of the three R = 6 routes, against the
second-order strong-coupling estimate, drawn for g > 1.

The connectivity change moves with the coupling as the classical energetics suggests,
but the registered inequality fails at strong coupling (Table 111.7, Fig. I11.8). The distance
(m12 — mji)/g* decreases monotonically, 0.650, 0.337, 0.184, 0.052, 0.015, —0.005 and
—0.009 for g> = 1to 8. At g?> = 6 and 8, however, the connection probability already exceeds
one half at the classical crossing, Pony (1) = 0.545 and 0.584, so the half-connectivity mass
lies just below m] and the registered inequality m;,, > mj fails; the expectation is not
supported. The change sharpens with the coupling: at g?> = 8 the connection probability
rises from 0.002 at p = 1 to 0.922 at p = 1.25, whereas at ¢g> = 0.5 it stays below one
half on the whole grid (0.456 at p = 4). The mean spread of P,,, (1) across couplings is
0.074 for g% € {4,6,8} and 0.415 for all g> > 1; since the second set contains the first,
this registered comparison is descriptive. An equal-size comparison made after the data
were seen gives 0.179 for g? € {1,1.5,2} against 0.074 for {4,6,8}: the curves lie closer
together at strong coupling but do not coincide.

The heavy-mass force approaches the strong-coupling estimate of Eq. (I11.4): its relative
deviation decreases monotonically, 0.040, 0.011, 0.0038, 0.0008 and 0.0003 for ¢ = 2, 3,
4, 6 and 8, as expected before the calculations. The [4,6] secants of the three R = 6
routes deviate from the [2,4] value by at most 0.089, 0.022, 0.011 and 0.006 for g* = 0.5,
1, 1.5 and 2, and by at most 0.0021 for g > 3, so the heavy-mass cost per link becomes
approximately distance independent across the sampled window as the coupling grows.
The ratio of the light- and heavy-mass forces, 0}[2,4] at 1 = % over p = 4, lies between
0.298 and 0.472 for all couplings. These are statements about the registered sectors of this
patch; the connectivity change remains a smooth change on this finite patch in every case.

Plaquette coupling. The plaquette coupling takes the values x € {1,2,4} at g = 2, on
the masses m € {0.5,1,1.25,1.375,1.5,2,4} for the R = 4 sectors and at m € {4,0.5} for
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the separation sectors, extending the x = 0.5 control of Table I11.3. The expectations fixed
before the calculations were a quadratic small-x response, (X (1)—X(0))/(X(0.5)—X(0)) €
3, 5] for the registered quantities, and a wording rule: the heavy-mass signature is called
insensitive to the plaquette coupling up to the largest x for which the [2, 4] force at m = 4
changes by less than 5% and the R = 4 connection probability P,,,(4) by less than 0.01.

K A my o bracket Branch  Piny APy o} [2 4] Change Branch — Py Ueff [2,4]
0 20 [1.375, 1.5] EEE 0.9317 0 1.026 0 EEE 0.0289 0.476
0.5 20 [1,1. 5] - 0.9316 —1.8 x 107° - - - 0.0286 -
1 20 [1.375, 1.5] EEE 0.9316 —4.6 x10°° 1.026 —0.01% EPE 0.1100 -
2 40 [2, 4]* EEE 09315 —1.4x107* 1.026 —0.04% PPP 0.0609 -
4 80 none (m >1.375) PPE 0.3180 —0.614 - - PP - -

Table III.8: Exact C2 response at g?> = 2 for plaquette couplings . Branch (a post hoc
classification) lists the R = 2 source, R = 4 source and vacuum ground states: E if (H,) > —k, P
if the state is plaquette dominated ((H,) < —k). Forces per graph link (¢,/a) are tabulated only
when both source states of the [2, 4] secant lie on the E branch. The half-connectivity bracket uses
the grid m € {0.5,1,1.25,1.375,1.5,2,4} (for the earlier k = 0.5 control m € {0.5,1,1.5,2,4}); *
marks a bracket whose two masses lie on different branches, 7 a state excluded by a gate, and —
an entry not computed (the earlier k = 0.5 control has no R = 2 sector, hence no force, and no
per-sector plaquette energy). Masses excluded by a gate are omitted from the bracket search.
AP,y and the force change are taken relative to x = 0; X is the Gauss penalty used.

By this registered criterion the heavy-mass response is insensitive to the plaquette
coupling up to Kk = 2: at m = 4 the R = 4 connection probability changes by at most
1.42 x 10™* and the [2,4] force by at most 0.043% (Table I11.8). The criterion does not
include the R = 6 sectors, whose source states at m = 4 also remain on the electric branch
up to £ = 2 but respond more strongly. At x = 2 and m = 4 the [4, 6] secants of the
primary, route-B and route-C sectors fall from 1.0310, 1.0203 and 1.0310 to 0.9780, 0.9059
and 0.9777ty/a, by 5.1, 11.2 and 5.2%, and their connection probabilities by 0.015-0.032;
at k = 1 the secants fall by 1.0-2.3% and the connection probabilities by at most 0.006.
The quadratic small-x expectation is not supported; only 3 of the 19 registered ratios
lie in [3,5]. Four ratios at m = 0.5 involve the k = 1 source state, which lies on the
plaquette-dominated branch described below. The fifteen ratios of states that remain on
the electric branch lie between —0.59 and 4.27, nine of them between 1.6 and 2.4, near the
value 2 of a response linear in x (a post hoc observation).

The computed ground states fall into two well-separated classes (Fig. I11.9(b)): an
electric branch, with (H,) within 0.32x of zero (within 0.09x for the R = 4 source and
vacuum), and a plaquette-dominated branch, with (H,) between —9.5x and —14.7x. The
source state is on the plaquette branch at m = 0.5 for k = 1, up to m = 2 for kK = 2 and
up to m = 4 for k = 4; the vacuum switches at lower masses (at m < 1 for k = 2 and
m < 2 for k = 4). Where the source and vacuum states lie on different branches, their
energy difference compares two different kinds of ground state and is not a static potential.
Where both states lie on the plaquette branch the difference is also negative: —2.78 and
—412at k=2, m=05and 1, and —7.9 to -84 at k =4, m = 1.3752. At k=2 it
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Figure IT1.9: Exact C2 response at R = 4 and ¢ = 2 for plaquette couplings x < 4. (a)
Connection probability; open symbols mark source states on the plaquette-dominated branch
((Hx) < —k, a post hoc classification), and lines join only masses on the same branch. (b)
Plaquette energy per coupling of the source (filled) and vacuum (open) ground states for k = 1,
2 and 4. Points failing a gate are omitted.

stays negative up to m = 1.5 and is +1.23 at m = 2. Like every light-mass Vp, these
values are conditional on the registered D, sectors. The table gives [2, 4] forces only where
both source states are on the electric branch (a presentation rule); the withheld secants
are —0.776 (k =2, m = 1), 0.089 (k. =1, m = 1) and —3.79 (k = 4, m = 4). On the
plaquette branch the connection probability is low, 0.06-0.26 at x = 2 and 0.05-0.32 at
r = 4. These are ground-state changes in the fixed sectors of this finite patch; they do not

establish a magnetic phase or a transition.

Independent check. Three registered points, (g%, m) = (0.5,0.375) and (8,5) at x = 0
and (k,m) = (2,1) at g = 2, were recomputed with the independent first-principles
physical-block implementation of Sec. I1.5.2, with a separately written plaquette term.
That implementation reproduces the earlier g2 = 2 and x = 0.5 records within 2 x 107'2,
and deliberately mis-oriented or sign-flipped plaquette terms fail this comparison by at
least 1.6 x 10™*. The registered production values agree with it within 4.7 x 1072 in (Hy)
and 1.1 x 107! in P,,y, including the plaquette-branch source state at (k,m) = (2,1).

I11.1.4 Wider-Patch Comparison at Fixed Separation

Patches and source placement. Two wider open patches keep L, = 3: C4 (L, = 3;
18 vertices, 21 links, four cycles) and C8 (L, = 5; 30 vertices, 37 links, eight cycles). Their
sources sit on the middle row at graph distance four, with degrees (2,3) and a single
shortest four-link corridor, as for the relocated C2 sources (4, 6) of Sec. I11.1.1 (Fig. I11.10).
The comparison therefore uses the exact relocated C2 sector, not the principal (1, 3) ladder.
The patches differ in more than width. On C2 the corridor runs along the open edge
and its two interior B vertices have degree two; on C4 and C8 every interior corridor
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vertex has degree three. From C4 to C8 no vertex within distance one of the corridor
changes its degree. A C2-C4 difference thus combines added rows with a changed corridor
coordination, and only the C4-C8 step isolates added rows. All differences below are patch
differences, not a finite-size scaling.

C2(Ly=2):C=2 C4(Ly=3):C=4 C8(Ly=5):C=8
| | | ||
[ J [ J [ J
| | |
[ J [ J [ J
3 3
u n ] 2 3 3 _m
[ J [ J [ J
2 2 3 3 +1 -1
2 3 3 = 2 3 3 m n n n
[ L [
1 1 +1 1
| | | | | | | | | |
[ J [ J [ J [ [ J [ J [ ] [ J [ J
N,=12,N,=13 N,=18, N, =21 N, =30, N, =37

Figure I11.10: The C2, C4 and C8 patches at a common length scale in the unit-bond embedding
of Fig. II.1. Circles and squares are A and B vertices; the coloured four-link corridor joins the
circled sources (¢3 = #1), which for C2 are the relocated sources (4,6). Numbers give the degree
of each corridor vertex. The two interior B vertices of the corridor have degree two on C2; every
interior corridor vertex has degree three on C4 and C8.

Method and numerical status. C4 and C8 have 39 and 67 tensor sites and are treated
variationally with the penalty-protected two-site DMRG of Sec. 11.5.2: the Gauss law and
the imbalance labels enter through Hs and Hp with A = p = 20, the bond dimension y
is capped at 400-800 and the truncation cutoff is 107!*. Connection and endpoint-class
probabilities are contracted exactly for each stored matrix-product state by a frontier
transfer over link-activity configurations, without sampling; they are exact for the stored
state, not for the ground state. Two numerical statuses were registered on 7 October
2026, after the selected heavy-mass states had been computed but before any independent
cross-check result existed. A single-state quality pass requires the final sector criteria
(bare source Casimir 3/4 and neutral Gauss residuals within 107%; particle-number and
imbalance means within 1075, variances below 107%), an energy spread of at most 107°
over the last four sweeps, x below its cap, named Hy and H,, on the stored state with
variance per site at most 1075, and a consistent reload. Bounded numerical support further
requires a passing independent cross-check, an independent start or a bond-dimension
ladder within 10~ in energy, 1075 in every (E7) and 10~* in every (n,), and passing
source—vacuum pair criteria. Neither status certifies a ground state. The potential is
evaluated as Vp = Egptsre — 30 — Eoptvac, Which equals Eq. (I1.17) up to the penalty
residuals of the stored states; a difference of two variational energies has no variational
bound.

On C2 the same engine reproduced the heavy-mass endpoints (1 — F < 5.8 x 10719),
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although other heavy-mass runs stalled below their caps (1.4-1.5) x 10™* above the exact
energies, and it did not reproduce the light-mass source ground state (Sec. 11.5.2). At
m = 1-3 only pilots with ¥ < 200 exist; their source energies lie 1.0 x 107%-1.2 x 1073
above the exact values, with [AP,,,| < 3.4 x 107*. All of these calibration states use the
principal sources (1,3); none exists at (4,6). C4 and C8 values therefore enter with their
status only: campaign statuses at m = 4, descriptive values at m = 3 and 2, and no values
below m = 2.

Patch m  Status x P,y Psig Vb 1% €off
c2(4,6) 4 E - 0.9315 0.0327 4.1154 0.7065 0.0020
C4 4 Q  773/800  0.9364 0.0304 4.0749 0.7091 0.0034
C8 4 B 422/800  0.9364 0.0304 4.0746 0.7091 0.0034
c2 (4,6 3 E - 0.8773 0.0576 4.3008 0.6810 0.0039
C4 3 D 400 (cap) 0.8911 0.0510 4.2366 0.6873 0.0066
c2(4,6) 2 E -~ 0.7185 0.1332 4.4570 0.6162 0.0080
4t 2 D 600 (cap) 0.7750 0.1033 4.3753 0.6395 0.0128
csf 2 D 600 (cap) 0.7766 0.1024 —~ —~ —~

Table I11.9: Static response at graph separation R = 4 for the exact C2 sector with sources
(4,6) and for variational C4 and C8 states with their registered sources (Fig. II11.10); ¢, = 1,
g> =2, A =pu =20,k =0. Status: E, exact; B, bounded numerical support; Q, single-state
quality pass; D, descriptive; *, post-closure supplement of Sec. I11.1.1. x gives the largest bond
dimension reached by the source state and its cap. Vp, the mean corridor response p¢ and eyg
follow Eqgs. (I1.17) and (I1.15); for C4 and C8, Vp = Eqpt src — 30 — Eopt,vac- The C4 value of Vp
at m = 4 depends on the vacuum start path (4.0747-4.0749 over the registered arms). For the
cells marked T the values are those of the lowest-energy stored state; the other measured stored
states, from two optimizer start paths (C4: x = 400-800; C8: y = 400-600), differ from it by at
most 2.2 x 107* in Payy and 6.0 x 1074 in V), on C4 (one vacuum state), and by 2.5 x 1076 in
P,y on C8, where no vacuum state exists. Spreads over stored states are not statistical errors.

Heavy mass. At m = 4 the C8 source and vacuum states carry bounded numerical
support (Table I11.9). Their single-state criteria pass, a lineage started from an independent
random seed agrees with them within the 1074 bars at y = 400, and the pair criteria
pass. Continued with cap xy = 800 (reaching 320 and 386), that lineage stays 8.7 x 107°
(vacuum) and 5.8 x 1075 (source) above the selected energies, short of the 107 criterion
for an independent-seed reproduction, and a same-sector source state 2.1 x 107% below
the selected one is known. The C4 states pass only the single-state criteria: a fresh
random start settled 2.6 x 10~ higher in the vacuum, so the C4 source-vacuum pair is
start-dependent (Vp = 4.0747-4.0749). On both patches the C2 criterion, fixed before the
C2 data and carried over unchanged, P,y > P, with Py ~ 2 x 1078 <« P, holds, and
the mean corridor response is p¢ = 0.709: the heavy-mass response is string-like on all
three patches. Against the exact C2 (4, 6) state, P,y is larger by 0.0049 (0.5%) and Vp
is smaller by 1.0% on both wider patches, e.g rises from 0.0020 to 0.0034 and P, falls
from 2.7 x 107* to 2.4 x 10~*. These are descriptive patch differences. From C4 to C8,
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P,y changes by 3.3 x 1077, below the registered mechanism tolerance 107*, and Vp by
—3.2 x 1074, comparable to the C4 start dependence (2.5 x 10~* in Vp); neither change is
resolved. The largest off-corridor response, 2.2 x 1073 on C2 (4,6) and 2.4 x 1073 on C4
and C8, exceeds the narrow-tube criterion 1073 on all three patches; at m = 3 and 2 it is
larger still (C2 (4,6): 4.1 x 1072 and 6.4 x 1073; C4: 4.8 x 1073 and 9.1 x 1073).

(a) Source Connectivity (b) Source Potential
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Figure ITII.11: Connection probability (a) and source potential (b) at R = 4 against mass.
Circles: exact C2 sector with sources (4,6) at all thirteen ladder masses, seven of them from
the post-closure supplement of Sec. I11.1.1; lines join the sampled masses. Squares (C4) and
diamonds (C8), offset by F0.06 in m: variational states, with the fill giving the numerical
status of Table I11.9 (full: bounded numerical support; left half: single-state quality pass; open:
descriptive). Spreads over stored states are drawn as vertical bars where they exceed the symbol.
No C8 vacuum state exists at m = 2. The grey band is the C2 (4, 6) half-connectivity bracket, a
grid diagnostic. Below m = 2 no C4 or C8 source state meets the sector criteria.

Intermediate mass. At m = 2 the C4 and C8 source states give P,,, = 0.7750-0.7753
and 0.7766, against 0.7185 for the exact C2 (4, 6) state (Fig. I11.11). Each range covers
capped states from two optimizer start paths, a four-sweep continuation from m = 4 and
a fresh random start. On C4 the fresh start stays 1.4 x 10~* above the continuation even
at x = 800, with (F?) differences up to 1.3 x 107*, beyond the registered bars 10~* and
107°. On C8 the two paths agree within 9 x 107% in energy, but the continuation has only
two noise-free final sweeps and no registered energy tail, and both states are capped. The
C4 potential, Vp = 4.3753-4.3759 with a single capped x = 400 vacuum state (variance
per site 1.01 x 1075, just above the 107> bar), lies 1.8% below the C2 value 4.4570; no C8
vacuum state exists at this mass. The connectivity differences of +0.057 (C4) and +0.058
(C8) are therefore reported descriptively. They combine added rows with the changed
corridor coordination, whereas the C4-C8 step changes P,y by (1.3-1.6) x 1073, A single
capped y = 400 C4 source-vacuum pair at m = 3, whose source state has energy variance
per site 3.5 x 107° above the 107° bar, gives P,y = 0.8911 and Vp = 4.2366, against
0.8773 and 4.3008 for the exact relocated C2 sector. The C4 intermediate masses were
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deferred in the registered scope of the support campaign (9 October 2026). The m = 2
continuations finished on 4 and 5 October and the fresh-start stages between 10 and 17
October; the registered m = 2 start-path comparison, evaluated on 19 October, gives no
conclusion on either patch (on C4 the fresh start lies higher, on C8 the continuation has
no converged energy tail). The m = 3 values and the vacuum-based m = 2 quantities are
post hoc diagnostics.

Light mass and open points. No C4 or C8 source state at m < 1.5 meets the sector
criteria. The saved light-mass source states sit at their caps x = 400-600, are still
descending (last-four spans 1.9 x 107%-1.3 x 1072) and violate the particle-number variance
bar; at m = 1.5 no C4 source state was saved (Table C.1). All four registered m = 0.5
endpoints remain open, so the C4/C8 character comparison of the support campaign is
inconclusive, and below m = 2 the mass dependence is known only for C2. Light-mass C4
and C8 source states meeting these criteria remain open. The descriptive m = 2 difference
leaves open whether a wider-patch half-connectivity bracket differs from the C2 (4,6)
bracket [1.5,1.75].

Representation cost. For m > 2, where the C4 and C8 states pass the sector criteria,
the C4 values of P,.,, pc and Vp, and the C8 values of FP,,y,, change with m in the
same direction as the exact C2 (4,6) values, while the largest bond entropy of the stored
C4 source states rises from 1.37 at m = 4 through 1.63 at m = 3 to 2.14 at m = 2
(Appendix C). The light-mass C4 source states carry 3.5-3.7, reach the bond-dimension
cap on 9-12 of 38 bonds and fail the sector criteria, so their observables are not interpreted.
These entropies measure the representation cost in the registered tensor ordering, including
the gauge-constraint contribution; they are not a physical entanglement measure of the
patch.

II1.2 (2+1)D Local Response

The link Casimir and matter occupation provide a direct static profile comparison on
the loop-bearing C1 patch. The mean corridor Casimir changes from 0.73735 to 0.46814
between m = 4 and 0.5, whereas the pair expectation increases from 0.28880 to 2.18689.
Neither quantity is a gauge-fixed colour vector. Opposite classical source orientations define
a frame for colour-resolved measurements; the colour-summed Casimir itself measures
electric representation occupancy.

The nonzero high-mass pair content shows why “pulling particles from the vacuum’
requires an explicit reference. The screened state is compared with an already dressed state,
not an empty matter Hilbert space. A matched source-free ground state is additionally
needed to isolate the part of the mass response caused by the impurities. The same
distinction applies to a quench: pair growth after a global mass change contains a bulk
preparation response as well as source-induced redistribution.

)



38 ITI. Static Response and SU(2) Structure

II1.3 Local Fusion Information

I11.3.1 Vertex, Plaquette, and Loop Information

A trivalent neutral vertex with singly occupied matter can carry four spin-half constituents.
Their singlet subspace has multiplicity two, so occupancy labels do not specify a unique
colour-fusion state. The measured projector of Eq. (I1.19) tests this internal structure
without introducing a quantum source absent from the model.

In the pilot ground states the probability of the selected four-spin sector at vertex 5
grows from 0.041923 to 0.083410. Conditional on that sector, the link-1-matter singlet
expectation changes from 0.250324 to 0.318772. These are state-dependent local recoupling
measurements. They do not establish that a reduced model cannot reproduce the tested
observables. That stronger conclusion requires a matched operator-level reduction or
control and robustness across geometry. Removing off-diagonal colour hopping changes
both recoupling and kinetic channels, so it is not an unqualified comparison with an
independently calibrated U(1) gauge theory.



Chapter 1V

Dynamics

The static C2 states provide controlled initial conditions for a breaking quench and a
formation ramp. Source and vacuum states evolve under matched protocols in their own
registered sectors, and exact propagation is compared with a Gauss-exact tensor-network
representation.

IV.1 (2+1)D Honeycomb Dynamics

IV.1.1 Protocols and Observables

The real-time calculations use the C2 patch at fixed graph separation R = 4, with the
sources at vertices 1 and 3 and the sectors of Eq. (I1.21). Source and vacuum states evolve
under the same protocol in their separately registered sectors. A mass change modifies only
the diagonal of the Hamiltonian and preserves every conserved label, so both protocols
remain inside these sectors. The sources are present throughout: the string is dynamically
prepared or broken within a pre-existing source sector, and the unitary evolution does not
create the sources.

e Breaking quench: the m = 4 source and vacuum ground states evolve with m = 0.5.
Exact propagation extends to t = 20; the tensor-network reproduction covers
0<t <2

e Formation ramp: the m = 0.5 ground states evolve with m(t) = 0.5 + 3.5¢/4 for
0 <t < 4; the tensor-network reproduction covers the whole ramp. A subsequent
hold at m = 4 is propagated exactly up to t = 24.

Times are in units of h/t,, with h = 1. Ezact denotes full registered-sector propagation
without truncation, using exponential actions for the fixed-Hamiltonian quench and the
fourth-order commutator-free Magnus scheme of Ref. [4] with step 0.025 for the ramp. It
does not denote zero numerical error; the accuracy of every exact curve is established by
an independent re-propagation (Sec. [V.1.4). The evolved states are nonequilibrium states
rather than separately optimized ground states.

The observables are the electric response 75 (¢) of Eq. (I1.18) with its geodesic control
and the four exclusive source classes of Eq. (I1.16). Two criteria are applied throughout.
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A response is string-breaking-like if 7i;"" and P,y are suppressed together with growth of
the flux-free endpoint classes, and fluz-tube-formation-like if 7;"" and P,y grow together.
String breaking in (2 + 1)D non-Abelian calculations and in a (2 + 1)D Rydberg gauge
simulator provides the reference phenomenology [10, 21]. Figure IV.1 shows both protocols,

and Table V.1 lists characteristic values.

Protocol t Ty Piny Pig Pog Pogt
Quench 0 0.707982 0.931665 0.033067 0.000284 0.034984

Quench 1.6 0.105739 0.037104 0.587288 0.152210 0.223397
Quench  1.75 0.135757 0.034270 0.593573 0.150512 0.221645

Ramp 0 0.160779 0.028904 0.642162 0.159919 0.169015
Ramp 1.5 0.346122 0.311539 0.557886 0.044049 0.086526
Ramp 4 0.453518 0.477103 0.476362 0.016219 0.030317

Table IV.1: Characteristic values of the exact source—vacuum evolution at R = 4. ¢ is in units
of h/ty, and TESSP in ty/a; the class probabilities refer to the source state and require no vacuum
subtraction.

IV.1.2 Breaking Quench: String-Breaking-Like Rearrangement

The initial state carries the confinement-like string of Sec. I11.1.2. Because the electric
operator does not depend on the mass, 75" (0) = 0.707981564 1, /a equals the ground-state
response Ty (4 m = 4).

After the mass is lowered, the electric response falls to 0.105739 at t = 1.6 (—85%)
and the connection probability to 0.034270 at ¢ = 1.75 (—96%). These are the global
minima on the output grid of spacing 0.025; parabolic refinement places them at ¢ ~ 1.609
and 1.739. At t = 1.75 the flux-free endpoint classes have grown to Pig = 0.593573
and Py = 0.150512, from 0.033067 and 0.000284 initially, so that 74% of the weight is
in configurations in which at least one source holds matter without incident flux, while
Pog = 0.221645 remains disconnected without either endpoint event. Connected flux has
thus been strongly suppressed and the probability transferred predominantly to flux-free
endpoint matter.

The source—vacuum difference of the total energy (Hy) is conserved with a recorded
range of 2.162 x 107, Electric reduction is therefore redistribution among electric,
mass and hopping contributions rather than loss of total energy, consistent with the
pair-creation picture of string breaking in (2 + 1)D gauge dynamics [10]. Because 75, "
is a source—vacuum difference, its reduction combines a decrease of the source electric
energy (3.22 — 2.85 at ¢t = 1.6) with electric energy generated by pair creation in the
quenched vacuum (0.39 — 2.43); the class probabilities of the source state, which involve
no subtraction, show the rearrangement directly.

The quench injects energy well above the final ground states. With Hy = H; + (ms —
mZ)M,

Wexcess = <Hf>¢z - EO,fv I/I/vinject;ed = <Hf - Hi>1/)i> (IVl)

the source and vacuum give (Wexcess; Winjected; AEf) = (6.913410, 38.863833, 4.546184) and
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C, (Lx=3, Ly=2), Rgrc = 4: Real-Time Measurements

T (exact) --= geodesic control (exact)

o 7p°P (Gauss-Exact Full Rank TDVP) o geodesic control (Gauss-Exact Full Rank TDVP)

(a) Electric-Energy Response (b) Electric-Energy Response
for Breaking Quench for Formation Ramp
Electric-Energy Augmentation:
0.7 Flux-Tube Formation-Like
0.5 4 Response
0.6 . .
Oscillatory Electric-Energy
—~ Reduction: String-Breaking-Like —
g 0.5 1 Res S)
> ponse =
> >
= 0.4 s
& &
8&-['” 0.3 Eiiu
0.2
0.1 A
T T T T T T T T T T
0.0 0.5 1.0 1.5 2.0 0 1 2 3 4
t (h/]) t (h/))
(c) Source-Sector Probabilities (d) Source-Sector Probabilities
for Breaking Quench for Formation Ramp
1.0 4 1.0 q
> Connection Probability gonniﬁéﬁeirtggz};l}ny
0.8 A Peonn Reduction and Flux-Free 0.8 - FTE‘;]-Tube Formation-Like
Endpoint Augmentation: Response
String-Breaking-Like Response
= 0.6 MW =
= =
= =
E 0.4 E
0.2 A
0.0 4 ::::::::- | | |
0.0 0.5 1.0 1.5 2.0
t (h/]) t (h/])
—— Tlconn (exact) —— Ty (exact) —— TIlygr (exact) —— TIlor (exact) o  Gauss-Exact Full Rank TDVP

Figure IV.1: Real-time response at R = 4; J = t;, and Ileonn = Ilany. Left (a,c): breaking
quench m =4 — 0.5. Right (b,d): formation ramp m(t) = 0.5 + 3.5¢/4. Top: electric response
T ¥ (dark green) and geodesic control 75 (grey dashed). Bottom: the four exclusive source
classes L,y (blue), II;g (green), Ilog (orange) and Ipg (grey). Lines are exact propagation.
Circles are the independent Gauss-exact tensor-network evolution (full-rank one-site TDVP,
fourth order, At = 0.025, sampled every 0.05); compared with exact propagation using the same
step, they agree within 5.7 x 1071 ¢, /a in 7,7, 1.2 x 1071%¢,/a in the geodesic control and
4.3 x 1010 in the classes. Arrows mark the global minima of the exact quench curves (¢ = 1.6 for
T ¥, t = 1.75 for Payy) and the first local maxima at ¢ > 2 of the exact ramp curves (¢ = 2.575
and 2.775); the ring in (d) marks the region where P,y and Pg differ by less than 0.01, between
their crossings near t = 2.66 and 2.86.
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(5.282273, 38.266171, 4.927858), where AE is the energy spread under H;. The excess-
to-gap ratios, approximately 9.136 and 1.969, caution against assuming a small-excitation
linear-response regime.

Over the exactly propagated window 2 < ¢t < 20 the connected flux stays suppressed,
Py = 0.042-0.126, while 7, oscillates between 0.118 and 0.329¢,,/a; the averages over
10 <t <20 are P,y ~ 0.075559 and Pog ~ 0.128232. The configuration reached resembles
the static light-mass ground state at R = 4 (P,yy = 0.029, Ps1¢ = 0.80) qualitatively,
but closed evolution preserves the post-quench energy and continues to oscillate; the
low-mass ground state is not the late-time state. The response is an oscillatory string-
breaking-like, screening-like rearrangement. The remaining disconnected class excludes an
interpretation as complete two-endpoint screening, and flux-free matter support is not an
external-source—matter singlet projector.

IV.1.3 Formation Ramp: Flux-Tube-Formation-Like Growth

As the mass is raised from the screening-like light-mass ground state, the electric response
and the connectivity grow together: 75 = 0.160779 — 0.453518 (a factor 2.8) and
P,y = 0.028904 — 0.477103 by t = 4, while the two-endpoint flux-free class is suppressed,
Pog = 0.159919 — 0.016219. This is the flux-tube-formation-like signature. At t = 4
connected and one-endpoint flux-free configurations carry nearly equal weight, P,,, ~
Py ~ 0.48: formation is supported as a response, not certified as a pure flux tube.

After the ramp the population of the confinement-like m = 4 ground state, Fgg =
[(pags(m = 4)|p(t = 4))|?, is 0.467 for the source state (vacuum 0.982). During the
subsequent exact hold at m = 4 the Hamiltonian is constant, so every eigenstate weight is
conserved: Fgg stays at 0.467 within 4 x 10713 up to t = 24. The observables continue to
oscillate. P,y varies between 0.376 and 0.510 with mean 0.442, to which the ground-state
component alone contributes 0.467 x 0.932 = 0.435, and lies below the static midpoint
(0.931665 + 0.028904) /2 = 0.4803 in 553 of the 601 samples with 9 < ¢ < 24 (minimum
0.3762 at t = 18.1). 7" stays between 0.398 and 0.476 t, /a, below its m = 4 ground-state
value 0.708. The ground-state population is set by the 4 i/t ramp; persistence of a fully
formed configuration is not supported on this patch at this ramp speed.

On the smaller loop-bearing C1 patch, exact linear ramps 0.5 — 4 raise the squared
overlap with the high-mass source ground state from 0.672 to 0.999 as the ramp duration
increases from 1 to 64 h/t,. The C2 ground-state population is therefore expected to
depend strongly on the ramp speed; a slow-ramp series on C2 has not been carried out.

IV.1.4 Exact Propagation and Tensor-Network Validation

Exact layer. The exact curves were re-propagated in the gauge-invariant physical block,
with the hopping blocks cross-checked in Sec. 11.5.2 and separate integrators: a Lanczos
exponential with an a-posteriori error estimate below 10715 per step for fixed Hamiltonians
and an eighth-order Runge-Kutta (DOP853) integrator with relative tolerance 1073 for
the ramp. The breaking quench agrees within 8.4 x 107#,/a in 75,7, 8.7 x 107!* for
every link Casimir and 1.3 x 10714 for the classes over 0 < ¢ < 20. The ramp agrees within
1.5 x 1072 #}, /a; this residual is the step error of the recorded fourth-order Magnus scheme,
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and repeating that scheme reproduces the record within 4 x 1074, Halving the Magnus
step from 0.05 to 0.025 changes the electric response by at most 2.29 x 1078, The hold
to t = 24 agrees within 1.8 x 1078, At ¢t = 19 and 20 the propagated state vectors agree
with the stored ones to 1 — F' < 5.2 x 10714, with weight outside the gauge-invariant block
below 5.2 x 10714,

Gauss-exact time evolution. The tensor-network evolution uses the Gauss-exact
representation of Sec. [1.5.2. The quench starts from the exact m = 4 ground states and
the ramp from the exact m = 0.5 ground states, each converted to a matrix-product
state without truncation (discarded weight below 2 x 107'%). The ramp uses the same
commutator-free fourth-order scheme as the exact reference: each step is a product of two
exponentials of weighted combinations of the Hamiltonian at the two Gauss quadrature
nodes, which for the linear mass ramp are half steps with the masses at ¢, + At/6 and
tn, + 5bAt/6. Exact propagation in the same basis with the identical scheme and Lanczos
exponentials agrees with the certified curves within 7.9 x 107 in 7, and 5.7 x 107'* in
the classes, so that the comparison isolates the tensor-network error.

The certified runs use a full-rank one-site TDVP integrator [23]. At every cut and in
every prefix sector the bond keeps the maximal Schmidt rank of the constrained space;
zero Schmidt values are retained, and their singular vectors complete the bases. For the
source the bond dimensions are [2, 14, 26, 174, 480,496, 289, 133, 70, 14, 6]. The variational
manifold is then the whole sector and the tangent-space projector is the identity, so
the projector-splitting integrator has no projection error; every sample confirms that
the bonds still equal these bounds, and the cumulative discarded weight is zero. What
remains is the time-splitting error of the fourth-order integrator, a triple-jump composition
of symmetric second-order sweeps, the local Krylov tolerance 107'* and floating-point
roundoff. Halving At reduces the largest quench deviation in 7" by a factor 15.9, as
expected for fourth order. In the ramp the deviations at both step sizes stay at the Krylov
and floating-point floor (Table IV.2, Fig. IV.2). Because no bond truncation is involved,
these runs validate the Gauss-exact operator construction and the integrator on C2; they
do not test tensor-network compression on larger patches.

Run Samples tmax |ATLEP| |[APa| |AEZ|, |Any| 1-F Leakage Energy
Quench, At = 0.025 41 2.00 5.7x107M 4.3x10719  6.1x10710 7.6x1071* 2.9x10~1% 2.0x10~14
Quench, At = 0.0125 41 2.00 3.6x10712 25x10~11  4.3x107' 1.6x10715 2.9x10~1% 2.6x10"1*
Ramp, At = 0.025 81 4.00 3.6x10713 45x1071%  1.1x10712 3.6x10715 2.3x1071% 2.3x1012
Ramp, At = 0.0125 81 4.00 5.5x10718 4.7x10-13 1.9x10712 1.6x10715 2.5x1071% 4.1x10~12

Table 1V.2: Gauss-exact full-rank TDVP minus exact propagation of the same initial state with
the same step. Entries are maxima over source and vacuum, rounded upward to two significant
digits. 1 — F' is the state infidelity after lifting the MPS to the physical block, and leakage the
weight outside the constrained configuration space. The energy column gives the relative drift
for the quench and |EpN — Fexact| for the ramp. Norms are conserved within 5.6 x 10713,

Halving At changes 75,7 and the classes by at most 4.1 x 107! (quench) and 1.5 x 107
(ramp), against the predefined threshold 10~7. For the ramp this change is the step error
of the commutator-free scheme itself: the exact references at the two step sizes differ
by at most 1.5 x 1079, while the tensor-network error changes by at most 2.7 x 10713
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C (Lx=3, Ly=2): Gauss-Exact TDVP Versus Exact Propagation (Dashed: 1078, 1076)
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Without a truncation parameter a bond-dimension control would be bit-identical, so it is
replaced by the structural check of the full-rank bonds. All evaluated observable, fidelity,
norm, structural-constraint and time-step checks satisfy their predefined tolerances over
0 <t <2 (quench) and 0 < ¢ <4 (ramp). Two checks foreseen in the acceptance protocol
have not yet been carried out: an energy balance of the ramp, comparing the energy
change with the integrated work [(8;H) dt, and a reload of the stored checkpoints in a
fresh process. The exact quench beyond ¢ = 2 and the hold rest on the two exact layers.

Two-site TDVP and projection error. A two-site TDVP run specified in advance
(Xmax = 512, At = 0.025, fourth order, cutoff 10~*) fails for the quench. Its state infidelity
exceeds 1078 from ¢ = 0.35 and reaches 3.4 x 1073 (source) and 1.6 x 1072 (vacuum) at
t = 2, with [A7;"P] up to 2.1 x 10~*. The energy stays at the exact value within 6.7 x 107!,
and the bonds stay below the cap, at most 487. Conserved energy together with a degraded
state and an unsaturated cap excludes bond truncation as the dominant error and is
consistent with tangent-space projection error: in the vertex ordering several hoppings are
not nearest neighbours, so the two-site tangent space misses directions generated by H.
A control with subspace expansion or another ordering was not performed. The two-site
ramp run completed with 1 — F < 4.3 x 107! and |A7;*P| < 5.6 x 107! and is retained
only as a supporting run. An earlier two-site evolution in the penalty-based representation
agreed with exact propagation of its own initial state within 107® in 7, for ¢ < 0.15, yet
its neutral-vertex Gauss residual grew from 6.7 x 107 at ¢ = 0 t0 1.86 x 10~ at t = 0.225
with converged local solves and bonds below the cap. Because exact evolution conserves
the Casimir Cjy = G2, of the neutral leaf vertex 12, with ||Cys|| = 2, the leak bounds the
state error from below, ||¢rpyp(t) — Yexace(t)]| > ((Ciz)i’* — (Cra)e/*)/V2 = 3.2 x 1073
at t = 0.5, although the electric response still agreed within 2.3 x 107°. Agreement of
selected observables therefore does not establish sector preservation; the Gauss-exact basis
removes this failure mode by construction.

IV.1.5 Thermal Initial States and Non-Abelian Scope

The exact breaking trajectory supplies candidate initial states for thermal contact. At its
t = 20 endpoint the source has P,y >~ 0.110068 and Py ~ 0.122192. These checkpoints
were selected after inspecting the closed evolution. A thermal comparison must retain
that selection history, transfer each state into the declared physical representation and
start a matched isolated continuation (Sec. V.2). No such checkpoint has yet supplied a
converged thermal ensemble, and the closed-system observables above are not a thermal
response.

Real-time string breaking also occurs in a (2 + 1)D Rydberg gauge simulator [21]; the
present breaking is therefore not a uniquely non-Abelian signature. An SU(2)-specific
dynamical claim requires matched Abelian or centre-reduced controls with common
geometry and accessible charge content, the same protocol, fusion or multiplet resolution
and a numerically converged difference. The colour-diagonal comparison of Table I11.3 is a
static control, not a substitute for such matched dynamical controls.



46 IV. Dynamics

IV.1.6 Physical Interpretation and Experimental Implications

On the C2 patch the static and real-time layers point in the same direction: the quench
suppresses the string at conserved total energy, and the ramp rebuilds flux and connectivity
together without forming a persistent tube. These finite-patch proxies at one separation
do not establish irreversible relaxation, thermalization, a thermodynamic deconfinement
transition or a uniquely non-Abelian breaking signal; static, dynamic and thermal evidence
remain separate layers.

An experimental realization requires the specified low- and high-mass source states,
the complete m(t) schedule and dimensionless duration, and a calibrated conversion to
laboratory time. Because the four source classes are projector expectations of joint matter
and link occupations, with E? = 3nyng/4, they are natural observables for site-resolved
snapshots. The exact curves and their tensor-network reproduction provide reference
targets for Chapter VI; they do not by themselves establish laboratory feasibility.



Chapter V

Gauge-Aware Relaxation and
Thermalization Criteria

Closed-system response, equilibrium ensembles and reservoir-induced dynamics are treated
as distinct evidence layers. The C2 study establishes complete physical sectors, independent
Gibbs references, algebraic accessibility and bounded finite-temperature action tests
without inferring a mixing time or a flux-tube lifetime.

V.1 Closed-System Honeycomb Reference

The exact calculations of Sec. V.1 distinguish changes of connectivity, electric support and
matter screening during isolated formation and breaking. Unitary relaxation of selected
observables does not change the global entropy of a pure state and need not approach
a canonical ensemble. The thermal question is different: does sector-preserving energy
exchange alter these structures relative to matched isolated evolution? The C2 study
answers the representation, equilibrium-reference and algebraic parts of this question, and
supplies initial numerical tests of the open dynamics.

V.2 Gauge-Aware Honeycomb Thermal Dynamics

V.2.1 Physical Sectors and Canonical Equilibrium

The thermal calculation uses the open 3 x 2, two-cycle C2 patch: twelve four-state matter
vertices, thirteen six-state two-rishon links and N = 12. The parameters are t, = 1, g°> = 2,
k=0 and A = u = 20. The two classical sources ¢°> = +1, —1 occupy vertices 1 and 3,
both on sublattice A; Rgapn = 4 and R, = 2. The selected path is 1-7—2-8-3, with link
indices (1, 3,2,5). High and low mass mean m = 4 and 0.5, not high and low temperature.

The determinant-free Hamiltonian retains the additional local Abelian charges D,.
Thus the ensemble fixes the matter number, every D,, the Cartan targets and the full
local Gauss representations; it is not a trace over all sectors of a pure SU(2) theory. The
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source and vacuum patterns are

dsrc = (_]—7 _2a _]-a 07 07 07 _27 _27 _27 _27 _27 O)a
dy.. = (0,0,0,0,0,0,—4,—4, -2, -2, —-2,0). (V.1)

Neutral vertices have j = 0; source vertices have j = 1/2 and G® = ¢*/2. No quantum
external-doublet degree of freedom is added.

Let U, embed the complete physical space of role s into its fixed-G*, D, N product
basis. With the penalty-free Hamiltonian H,, define

P, = U], H, = U Hol,,
Zs(B) = Try, e*’BHS, PBs = ZS(B)*le*ﬁHS. (V.2)

Here h = kp = 1, and f3 is in units ¢, ! The physical dimensions are dg. = 27,580 and
dyae = 16,502, compared with product-basis dimensions 6,713,288 and 4,498,399. This
projection removes symmetry blocks, not high-energy states. In the embedding space the
same reference is
Ps —BHo Ps

poa = Usps U = m, [P, Hy) = 0. (V.3)
The earlier notation Py denotes this same physical-sector projector. At =0, Z; = d;,
log Z, = logds and pgqo = Ps/ds.

Within these physical blocks, Hopts = Hs + csls, where cge = 30, ¢yae = 0 and the
imbalance penalty vanishes. The constant cancels from normalized Gibbs states and
Bohr frequencies, but Z,: = e=Pes 7. and Fopts = Fs + c;. Energy, heat, work and
source—vacuum free energies below use Hy. This subtraction is not valid as a constant on
arbitrary leaking states. A finite-penalty Gibbs ensemble, a fixed-Cartan ensemble and
the complete physical-block ensemble are distinct.

Four exact endpoint vectors supply the initial states. Gauss-exact DMRG reproduces
all four (Table 11.2), but the thermal holds use the exact vectors directly and do not
depend on an MPS approximation. The physical transfer gives a maximum H, residual
1.26004 x 1073, round-trip error 1.92234 x 1074, and initial-observable discrepancy
7.28306 x 10714, These are transfer measurements, not an open-system convergence result.

V.2.2 Sector-Preserving Contacts and the Davies Reference

The canonical contact set is fixed without rescaling:
{S %5 ={ny,...,nn, EF, ... EL}. (V.4)

These Hermitian gauge scalars preserve N, D,, G2 and the declared Gauss representations.
They generally do not commute with hopping and can therefore exchange energy. Equal
rates v, = 0.02 do not give equal channel strengths because the contact norms differ.
Ambient local-algebra checks are necessary: projecting first would make excluded-sector
leakage invisible. The classical-source penalty breaks transverse generator commutation at
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a source while retaining its Casimir and G?; it does not justify imposing neutral Gauss
targets there.

For a stationary Hamiltonian the Davies construction provides a fully spectral reference
[15]. Its GKSL generator is [22, 27, 29|

p= —Z[Hs,pHD(p)
D(p) = ZF (w)pAL(w) = 3{AL (W) Aa(w), p}) - (V.5)

Complete degenerate energy projectors define

> PSP, [H,Aw)] = —wA,(w), (V.6)

Ej*Ei:w
so positive w lowers energy and
Lo(—w) = e T, (w), w>0. (V.7)

Equal Bohr frequencies are grouped consistently. The star reference uses I'y(w) = y,e~%/**
for w > 0, w. = 10ty,, I',(0) = ~,, and no Lamb shift. This phenomenological reference
assumes weak coupling, short reservoir memory and adequate secular separation; the
combined rates of all contacts matter. Local S, do not imply local energy-resolved jumps.
No complete C2 Davies Liouvillian or microscopic laboratory reservoir is constructed.

Gibbs stationarity and uniqueness are separate conditions [3]. On the d = 10,12
vacuum /source star blocks, sixteen points satisfy the 30 original numerical checks, and
each has one resolved stationary mode. Appendix B retains these tests separately from
the two KMS constructions below.

Two controls also remain distinct. A coupling commuting with H, dephases without
changing energy populations. Bare Hermitian contacts instead give the unital g = 0
generator

Dy(p) =~ 3 7S S0, ], (V)

which can exchange energy and has I;/d; as a stationary state. Changing v does not turn
this infinite-temperature contact into a finite-temperature reservoir.

V.2.3 Algorithmic KMS Thermostats

An alternative to resolving every Bohr frequency is to construct a Gibbs sampler satisfying
KMS detailed balance [17, 13]. Here the frequency convention is v = E; — E; = —w, and
adp,(X) = [Hs, X]. The Gaussian-filtered jumps are

Lo = vAa fo(adm,)(Sa),  falv) = e @500, (V.9)

A finite-spectrum modular alternative sets the even prefactor of the filter to one:

L, = \/%e_ﬁHs/‘lSae’BHSM. (V.10)
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Complete C2 physical sectors and exact endpoint states
N, D, G2, j, fixed; penalty-free Hy

1
p
Independent equilibrium references
Full-sector stochastic traces at 5 = 0.5,2,8
.
1

Specified KMS thermostat and algebraic accessibility
Small-system exact tests; scalar C2 common commutant

1
p
C2 finite-temperature action tests
Four no-event first steps at 5 = 0.125
. J

Physical thermal-response comparison
Requires matched-temperature, converged open/closed ensembles
Figure V.1: Logical dependencies of the C2 thermal analysis. Solid boxes describe completed
constructions or bounded calculations, not interchangeable convergence statements. The dashed

box is the unmeasured ensemble-response question. The equilibrium and first-step temperatures
differ.

For either choice, the thermostat includes the coherent correction

: d
K = %:LLLQ, Grus = %tanh(%) (K),
Mg(p) = —i[Grus, p] + Z (LaPLZ - %{Llep}) ] (V.11)
b= —ilHy, o + Ms(p). (V.12)

The correction is part of the algorithmic thermostat, not a redefinition of physical energy
or a derived microscopic Lamb shift. Omitting it destroys Gibbs stationarity in general:
the modular small-system control reaches a fixed-point residual 9.691 x 10~ without it.

The Heisenberg thermostat Mg is self-adjoint in (A4, B)g s = Tr(p}ijTpg{jB). The
added physical drift i[Hy, -] is skew-adjoint in this product. The two thermostat families
share an equilibrium target, not necessarily a relaxation rate or transient trajectory. Their
filter, normalization and contact rates define the dynamics. The modular finite-spectrum
identity does not inherit a complexity bound requiring a decaying, integrable Fourier
filter. The C2 finite-temperature steps use the modular construction only. Its numerical
conditioning restriction B(Eupper — Elower) < 24 is an implementation guard on the stored
Hamiltonian, not a mathematical restriction on the exact finite-dimensional construction.
Integral formulas and truncation errors are given in Appendix B.2.

V.2.4 Accessibility and the Conditional Uniqueness Result

Stationarity alone leaves open additional invariant blocks and their initial weights. Contact-
signature degeneracies also prevent ordinary Hamiltonian graph connectivity from proving
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irreducibility. For the stored, Hermitian-symmetrized C2 Hamiltonian and all 25 canonical
contacts, a constructive exact-coefficient witness gives

{H,,S,,..., 53} =CI, (V.13)

in both sectors. It covers all 27,580 source and 16,502 vacuum basis directions. Exact
rational determinants of the stored binary coefficients resolve the non-singleton contact-
signature blocks. Since the mass and electric terms lie in the contact span, the witness
applies at both endpoint masses.

For finite §, a faithful Gibbs state, strictly positive rates and the exact KMS con-
struction, this scalar common commutant implies a unique stationary Gibbs density
operator. The proof, including the Hamiltonian drift, appears in Appendix B.3; it uses
stationary-state algebra rather than extrapolation from a small residual [19, 44]. The
result concerns the declared stored operators. It supplies neither a Liouvillian decay gap
nor a fixed-point bound for finite quadrature, and it does not measure mixing time. It
must be reconsidered for omitted contacts, zero rates or the nonfaithful zero-temperature
limit. Thus C2 accessibility is established conditionally, whereas numerical approach to
equilibrium remains a separate question.

V.2.5 Independent Full-Sector Gibbs Estimates

Equilibrium observables are estimated without using the open trajectories. For independent
complex Gaussian probes with E[g,gf] = I, let v, = e #Hs=Fal)/2g without normalizing
v,. The estimators are

— S 0i0,0,

O — r=1 ,
< >B,S ZTR:pl ’UI’UT
1 &
7, = e—ﬁEshR— > wlv,. (V.14)
P r=1

The shift improves numerical scaling; it neither removes states nor changes the ensemble.
Averaging normalized probes with equal weights would implement a different estimator.
This construction is related to canonical thermal pure-state methods [39], with finite-sample
ratio and logarithm biases assessed separately.

Table V.1 contains twelve estimates, each using two independent batches of 64 probes.
The recorded errors are approximate statistical standard errors, not confidence intervals or
total error bounds. Shared 32- and 64-probe subsets within a batch are not independent
repeats. Imaginary-time action errors, ratio bias and model /representation uncertainty
remain distinct from the displayed sampling errors.

For the high-mass source, connectivity changes from approximately 0.708 at 5 = 0.5
to 0.932 at g = 2,8. For the low-mass source, the § = 0.5 value of about 0.066 exceeds
the cold value near 0.0289. These estimates resolve canonical redistribution of structural
weight, not bath-induced formation. Figure V.2 shows the sampled points without a phase-
boundary interpolation. At cold high mass the stochastic error can approach floating-point
resolution; this does not establish correspondingly many accurate physical digits. In
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Sector, mass 3 (Hyp) Piny
Source, 4 0.5 —46.713185 £ 0.142048 0.707634 4 0.013530
2 —49.349562 + 0.000017 0.931625 4 0.000029
8 —49.3497551 0.931665
Source, 0.5 0.5 —9.960159 + 0.030791 0.065958 =+ 0.000957
2 —17.025532 + 0.027317 0.030944 4 0.001860
8 —17.397844 + 0.000187 0.028891 4 0.000163
Vacuum, 4 0.5 —52.510122 + 0.073214 (6.948 4 0.509)10~7
2 —53.464893783 £ 5.03107%  (3.75354 + 0.00027)10~7
8 —53.4648943141 (3.7533710~ 7)1
Vacuum, 0.5 0.5 —13.236054 £ 0.073328  0.00131097 4 0.00003609
2 —20.424459 + 0.004875  0.00029838 =+ 0.00000269

8  —20.480996677 +2.371071° 0.000297007 4 6.65 1010

Table V.1: Independent equilibrium estimates at § = 0.5,2,8, in units ¢, = 1. Errors are
approximate statistical standard errors from 2 x 64 probes, excluding an established systematic
floor. f: cold high-mass sampling errors are exceptionally small and are not interpreted as
physical precision; their scales are stated in Appendix B.4. Vacuum connectivity uses the same
geometric probe vertices and path projectors without external charges. These are equilibrium
references, not measured reservoir-induced dynamics.

particular, the vacuum m = 4, 3 = 8 variance diagnostic —4.54747 x 10713 is a cancellation
residual, not negative physical variance. A mixed thermal state normally has nonzero
energy variance, so a ground-state variance threshold is inappropriate.

V.2.6 Finite-Temperature Trajectory Diagnostics

Sparse Monte Carlo wave-function evolution avoids storing a full density matrix [14].
Between two H, half-steps, the normalized state gives event probabilities g, = dt || Lo ||*.
The sum is checked against gsep, < 0.05 before sampling. A no-event branch uses 1Z =
¥ — dt(iGxms? + K19 /2) and is normalized; a sampled event uses L,1/||La||. This state-
dependent finite-step rule is weakly first order, not an exact linear completely positive
trace-preserving (CPTP) map. CPTP evolution follows for the exact GKSL semigroup,
not for arbitrary discretizations of a normalized trajectory rule.

Four C2 first steps were computed at § = 0.125, v = 0.02 and dt = 0.0025, starting from
the exact endpoints (Table V.2). Their coherent actions compare 16 and 32 quadrature
nodes on the same initial half-step state. Absolute differences lie between 1.21 x 10~ and
1.75 x 107?; these are state-action comparisons, not operator norm or Gibbs-stationarity
bounds. Every sampled branch has no event. The calculations therefore do not sample a
C2 jump ensemble.

Restoring the recorded pre-step state and both random-number states reproduces each
first step exactly in the tested environment. The closed-control differences range from
2.14 x 10716 to 1.82 x 10715, Replay of one step is not an interrupted long-trajectory
continuation test. Likewise, the high-mass source first-step open-minus-closed change
P,y ~ —T7.78283 x 107 is conditional on no event and is not an ensemble thermal-response
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C2: independent full-sector equilibrium references
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Figure V.2: Full-sector stochastic Gibbs estimates for source and vacuum at the two endpoint
masses. Points show 8 = 0.5, 2, 8; vertical bars denote approximate statistical standard errors
only. Invisible bars do not imply zero total error. No curve or transition temperature is fitted.
The logarithmic low-mass connectivity panel resolves the vacuum reference. These temperatures
differ from the g = 0.125 first-step calculation.

point. The Gibbs calculations at 8 = 0.5,2,8 cannot be used as equilibrium targets for
this 8 = 0.125 pilot without a matched-temperature reference.

V.2.7 Heat, Work and Ensemble Entropy
Physical energy is E(t) = Tr[pH,(t)]. For a justified time-dependent thermostat,

dE :
— = Tr[pH,] + Tr[H, M. (p)], AE =W 4+ Q + ropum. (V.15)
dt —_—— ———

w Q

Heat is positive into the system. The KMS coherent correction contributes:

Q =Y Tr[H,D[Ld(p)] — i Ty[H,[Grous, p]. (V.16)

The coherent contribution vanishes for an initial H eigenstate up to numerical precision,
but need not vanish later. The rates in Table V.2 are therefore not recovered from AFE/dt
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Sector, mass

Gstep

Relative G difference

Q/t:  Time (s)

Source, 4 0.001253639 3.57741077 0.114584083 109.35
Source, 0.5  0.000971662 3.39271077 0.346097356 76.65
Vacuum, 4  0.001133959 3.644310°7 0.138563833 54.70
Vacuum, 0.5 0.000995272 3.42221077 0.365283182 36.90

Table V.2: Four no-event steps at 8 = 0.125, v, = 0.02, dt = 0.0025, with the unrescaled
25-contact set. The G column compares 16 and 32 nodes on the same state. Heat rates are
unconditional generator expectations at the initial state, not the realized energy change of the
sampled branch. Times refer to one measured step, not the complete diagnostic calculation.
These values establish bounded action tests, not ensemble equilibration.

of a single no-event path. Algorithmic heat accounting also does not establish laboratory
calorimetry.
For a faithful stationary Gibbs reference, Spohn’s relation gives [37]

et = — Tr{M(p)llog p — 108 ps]} = Sux = BQ = — 4 Dlpllps.) 2 0. (V.7
Here Syx = —Trplogp is the ensemble entropy. Averaging pure-trajectory entropies
gives zero, not this quantity; bipartite entanglement is different again. Rank-deficient
initial states require the appropriate full-rank limit and can have a singular initial entropy
derivative. No C2 entropy-production or relative-entropy time curve is inferred from the
present first steps.

If the instantaneous Gibbs state is justified during a drive, then at fixed 5 > 0

d

—D(p”p@s(t)) = —Oprod T B(W - Feq,5)7 Feqs =

—B og Z,.
o B~ log

(V.18)
For fixed 3, Foqs = Tr(pp.H. s). If B varies, the formula instead uses this fixed-3 Hamil-
tonian derivative and adds S(E — Eeqs). A moving-target relative entropy is thus not
generally monotone. The sector-conditioned internal- and free-energy differences,

ZSI‘C
AFy = —B og ==

AUB == <H0>ﬂ,src - Zvac’

<H0>B,Vac> B > 0, (Vlg)
are distinct, use a common energy-zero convention and inherit partition estimator uncer-
tainty. At a single source separation neither is a string tension or a bulk deconfinement

diagnostic.

V.2.8 Structural Response and Its Interpretation

The primary operators are link Casimirs, matter occupations and configuration-level path
projectors. With F, = 4E?/3, the all-path probability is not obtained by thresholding
a mean flux image. The selected-path, alternative-only and no-path probabilities obey
Py = Puy — P and P, = 1 — P,,,. A shortest-path-only projector is a different
observable and must be named as such. At C2 source 1, Py = 1 —4F?/3 is a degree-one
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identity, not an independent screening witness. Joint support P, is the expectation
of a joint projector, not the product of two means or an external-source—matter singlet
probability.

The staggered pair expectation Ny = (M + 12)/2 measures particle-hole dressing,
not individual creation events. Source-minus-vacuum link and matter profiles use the two
declared D, patterns and matched Hamiltonian parameters. The signed off-corridor ratio
of Eq. (II1.1) is interpreted only when its total connected denominator is reliably positive;
an unresolved denominator does not define a width by regularization.

The corridor observable is

Co(t:8.71) = 1 3 (Efhe = (Efhuc). (V.20)

lecC

To isolate a reservoir effect rather than a quench response, define

6bathOs<t> = <O>0pen,s<t> - <O>Closed,s(t)7
AbaLthO(t) = 5bathOsrc(t) - 5bathovac(t)- (V21)

The notation 62" denotes the same within-sector contrast. Initial states, time grids and
Hamiltonian protocols are matched. Covariance enters only for genuinely paired samples;
independent samples require independent-variance propagation. A change relative to the
initial state alone is not a reservoir effect.

Corridor depletion, alternative-path redistribution and matter screening answer different
questions and must be interpreted jointly. Gauge preservation does not guarantee structural
survival. Scalar contacts in an SU(2) model also do not establish a uniquely non-Abelian
enhancement: that claim requires matched reduced-model controls and fusion-sensitive
observables.

V.2.9 Established Results and Physical Scope

The contribution is a sector-resolved bridge from exact ground states to independent
equilibrium references and explicitly defined thermal dynamics. A matched short-ensemble
calculation at the same temperature is the next physical comparison, followed by controlled
extension of its observation window. The present results do not determine thermal melting,
a flux-tube lifetime or a QCD critical temperature.

V.3 Thermal-Response Protocols and Limits

V.3.1 Stationary, Post-Preparation and Driven Contact

Stationary holds start from each exact endpoint under its own Hamiltonian. Post-
preparation contact instead uses a specified closed checkpoint and matched isolated
continuation. Breaking contact follows the sudden m : 4 — 0.5 quench; formation contact
accompanies the m : 0.5 — 4 ramp and its moving equilibrium target. These are four
distinct protocols.
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Calculation Established result and limit

Physical representation Complete C2 sectors and four transferred exact endpoints;
no energy cutoff

Exact small-system tests Davies, Gaussian-KMS and modular-KMS references with
distinct parameter ranges

C2 common commutant Scalar for the stored operators; conditional uniqueness of
the ideal faithful Gibbs state

Canonical structure Twelve independent finite-temperature estimates with sta-
tistical, not total, errors

C2 sparse evolution Four finite-temperature no-event first steps; bounded ac-
tion and replay comparisons

Reservoir response Ensemble equilibration, temperature/rate response and
structural lifetimes remain unmeasured

Experimental transfer Requires a separately derived reservoir and calibrated

coupling and clock

Table V.3: Representation, equilibrium and algebraic results are separated from numerical
action tests and physical open-system response. Neither static order nor one sampled trajectory
branch establishes thermal survival.

Exact-state holds are independent of MPS approximations and dynamical preparation.
Each closed checkpoint requires consistent transfer of its representation, norm, charges,
Hamiltonian action and observables. The C2 t = 20 choices are retrospective, not
preregistered. Their conversion and thermal response are separate from the closed real-
time protocols of Sec. IV.1.

A fixed final-Hamiltonian bath is not an instantaneous ramp bath. Adiabatic Davies
dynamics requires reservoir-memory, driving, eigenbasis and secular timescale justification
[2]; a collision model requires a microscopic derivation. An instantaneous KMS sampler
is instead an algorithmic moving-target thermostat, not either physical reservoir. Bath
switching, ramp completion and post-preparation contact have distinct start times.

V.3.2 Controls, Convergence and Statistical Decisions

The comparison requires a closed v = 0 control, energy-preserving dephasing, gauge-
aware energy exchange, matched source/vacuum evolution, temperature and contact-rate
variation, and an independent small-system reference. Deliberately gauge-breaking contacts
must be tested in an enlarged space; projection cannot serve as a leakage test. Changing
to increase event frequency changes the kinetics and does not produce additional samples
of the same physical experiment.

Independent trajectories, not their correlated output times, are the replication units.
At least two independent seed blocks and Ni.j versus 2Ny,; comparisons accompany
dt refinement, action/quadrature refinement and a common measurement grid. Tensor-
network variants additionally require bond and cutoff controls. Missing, duplicate and
failed trajectories must remain accounted for rather than disappearing from an ensemble
average. The distinct numerical and statistical requirements are collected in Appendix B.9.

A confidence interval containing zero is inconclusive unless the interval, including the
systematic allowance, lies inside an independently chosen physical-equivalence margin.
An unresolved estimate, a controlled physical null and a failed numerical calculation
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are different outcomes. A structural lifetime requires a specified observable, threshold,
persistence rule and crossing convention. Oscillatory dips or revivals do not determine a
unique decay time. If no persistent crossing is resolved, the result is right-censored beyond
the resolved window t,esorved, Which can be shorter than the last simulated time. No such
C2 lifetime is reported.



Chapter VI

Cold-Atom Implementation

This chapter asks which microscopic controls could reproduce the two-rishon honeycomb
Hamiltonian and which observables would distinguish source-supported electric response
from matter screening. Operator reduction, state preparation, readout and laboratory
calibration are kept as separate requirements.

V1.1 Honeycomb Encoding and Implementation Tests

The experimental target in this section is the honeycomb Hamiltonian of Eq. (I1.8). It
has four-state fermionic matter sites, six-state links with exactly two rishons, classical
¢® = +1, —1 sources and the independent coefficients ty, g%, m, ), j1; the present parameter
choice is kK = 0. The two-rishon link representation fixes the local operator algebra and
the microscopic couplings. A one-rishon encoding defines a different model and does not
determine the coefficients or laboratory time scale of this construction. Quantum-link
proposals motivate the finite-mode strategy [6, 42, 24, 16]; they do not by themselves
establish the controls assumed in the finite-patch construction.

Figure VI.1 summarizes the encoding, reduction and measurement map of the two-
rishon honeycomb realization.

VI.1.1 Exact Matter and Link Encoding

The matter site uses two fermionic modes, 14,1, with Fock basis

0, [T, [4), [T (VL)

A full oriented link uses the four modes (cz+, cry, ¢ry, cry ). Restricting their total occupation
to two gives

dim H, = (;l) = 6. (VI.2)

With the least-significant occupation bit assigned to L 1, the six target columns select bit
strings with integer labels

(12,5,9,6,10,3) and phases (+,+,—, —,+,+). (VIL.3)
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A. Exact fermionic encoding
(CLTaCL@CRTaCIﬂ% n, + ng = 2,dmH, = 6

Matter: [0),|  1),| 1), 1

N
AN

B. Microscopic reduction
Matter—rishon singlets P4, Pg <— virtual molecule b
Ordinary tunnelling: rank 3/5, remainder 0.75; rejected family
Molecular conversion: rank 5/5; conditional finite-patch candidate
< S >
C. Measurement
Joint occupation shots — Eg = 3nrngr/4, corridor and all-path probabilities
Basis rotations/correlations — Gauss

Casimir, fusion projectors and colour coherence
- J

Figure VI.1: The present two-rishon route. The molecular reduction assumes independently
available conversion, counterterm and target-coefficient controls. Occupation readout and coherent
colour /fusion readout require different measurements.

These phases are not cosmetic: changing either negative sign produces a Frobenius residual
of 2 in the link transporter.
Let V,, and V, denote the matter and link isometries. The atomic operators are

projected according to
Otarget = VTOatomva VTV = . (VI4)

All 19 local operator matrices were reconstructed from occupation-bit fermions: matter
annihilators and parity, Q, link-end occupations, L*, R®, E?, and all four U%. Across 82
local relations the maximum residual was zero in the arithmetic used. The transporter
was reconstructed as

U = EacedeLccR,da (VL5)

including its orientation and fermionic signs. Reversing U gives the same adversarial
residual of 2. The exact occupation identity E? = %n nr was recovered together with the
fixed condition n;, + nr = 2. This establishes the local encoding, rather than a statement
about how a laboratory generates the hopping operator.

The local constraints were then assembled without importing a vertex operator from
the target implementation. Degree-one, degree-two and trivalent stars were tested for
both link-end orientations and for ¢ = 0, +1, —1, giving 18 cases. The maximum residual
among the Gauss algebra, D, commutators, penalty expansion and neutral transverse-
commutation tests was 2.0 x 1071, A neutral star has zero Gauss-penalty floor. A
classical source selects the colour axis, retains G3, and has the expected local floor 3/4; its
transverse commutator is nonzero. Thus the sources are c-number terms in (G — q)?, not
quantum impurity doublets.

VI.1.2 Microscopic Control Families and Effective Reduction

The target hopping must be generated rather than inserted after projection. The first
tested microscopic family contained only colour-preserving matter tunnelling .J,,, rishon
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tunnelling J,, and a common imbalance penalty A(D?% + D%). In the 96-dimensional
fixed-link space its selected D4 = Dp = 0 subspace has dimension 18 and PV P = 0. The
second-order Schrieffer—Wolff operator was evaluated as

HY), = —PVQ (QH\Q) 'QV P, (VL6)

and compared with the exact low band using the polar des Cloizeaux map. For A =
8,16, 32,64, the exact-to-second-order Hamiltonian error falls with fitted power —2.965,
while the spectral leakage bound falls with power —1.945; the largest absolute log-fit
residual is 0.028. These exponents describe this four-point finite-patch ladder, not a
universal scaling law.

The reduction nevertheless fails as a target realization. After fitting the target operator
basis and an identity shift, the non-target Frobenius remainder is 0.75 of the centered
effective Hamiltonian at every tested A. More fundamentally, the finite-difference coeffi-
cient Jacobian has rank three for the five target coefficients. The three controls cannot
independently generate all five target coefficients. This obstruction applies to the specified
tunnelling family; assisted processes require their own coefficient map. The obstruction is
insufficient independent controls, not a no-go theorem for every atomic platform.

A separate audit applies the colour-independent matter-to-incident-rishon tunnelling
proposed in Ref. [6] to the registered two-rishon isometry. On one oriented edge its
perturbation is

View = Ja ) _(€h aa+he)+Jp > (chatbpa+he). (VL7)

a a

This operator preserves the local SU(2) Gauss algebra exactly. In the present orientation,
however, it changes the registered D 4, D g labels. Its second-order projection contains same-
vertex self energies and the opposite transporter orientation, while the fitted coefficient of
the target hopping in Eq. (I1.8) is zero. Even after granting four independent diagonal
controls for g2, m, \, i, the coefficient Jacobian therefore has rank four rather than five.
This excludes the literal vertex-tunnelling family for the current isometry; it does not
exclude an atomic species or a staggered particle-hole encoding. The latter would be a new
model realization and would require a new 19-matrix isometry certificate, fermionic-sign
tests and patch validation.

A second family introduces a detuned bosonic molecular mediator for each link. At
one end define the colour-singlet pair annihilator

Py = Z EacCL,ch,m Pp = Z deCR,de,h (VI~8>

a,c b,d

For a mediator mode b, the microscopic edge Hamiltonian is

Hmed = AbTb + gA(bTPA + P;r‘b) + gB(bTPB + P;b)

2 2
+ %P}PA + QKBP;PB + Hp+ H,, + He + Hp. (VL)

Eliminating the molecular mode gives
HY), = —gAAgB (PiPs + PLPy), (VL.10)
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which equals the target —th(@bLU ¥p + h.c.) element by element. The displayed singlet-
density counterterms cancel the two self-energy contributions. Omitting them or changing
the relative conversion phase is detected by dedicated negative controls; neither ingredient
is hidden in a post-hoc identity shift.

The exact conserved edge sector is Nyishon +molecule = 2, including molecular occupations
0, 1 and 2. It has dimension 176, of which 96 states form the target subspace. The
conversion commutes exactly with the local Gauss and D, generators. It conserves matter-
plus-molecule number rather than bare matter number, so virtual molecular occupation
is a physical leakage channel. At fixed target ¢, = gagp/A = 1, exact reductions at
A = 512,1024, 2048, 4096 give a finite-detuning Hamiltonian error proportional to A=0-9994
with maximum log-fit residual 1.7 x 10~*. With independent bare controls for g%, m, \, u,
the scaled Jacobian has rank five and condition number /3.

This favorable rank is conditional. It assumes coherent singlet pair conversion, sepa-
rately adjustable singlet-density counterterms, electric and staggered offsets, spin exchange,
D,-density interactions, classical-source addressing, and the required occupation and
coherence readout. Those controls have not been demonstrated together for a selected plat-
form. The calculation establishes a microscopic Hamiltonian candidate and its controlled
finite-patch reduction, not a laboratory working point.

VI1.1.3 Star, Loop, and Source-Pair Validation

The operator comparison was extended beyond one edge. First, an independent global
occupation-bit construction was compared with the local-matrix exact diagonalization
engine for the eight-mode matter—link hopping and on a closed hexagon. The neutral
and classical-source sectors have dimensions 2442 and 1995. In both sectors the full
Hamiltonian, two low eigenvalues and short-time states agree within a maximum residual
of 5.2 x 1071, These tests include the full fermionic ordering, the source constants, D,,
N, and kK = 0.

The mediator model was then enumerated on a trivalent star and on neutral and source-
bearing hexagons. Table VI.1 summarizes the largest calculation. The exact second-order
operator agrees with the target on each complete declared sector. Higher-order dynamics
was tested at A = 128,256,512 for ¢t = 0,0.05,0.10 using three fixed probes: the target
ground state, a seeded random state and a product-basis state. At the largest detuning
and latest time, the largest virtual-sector leakage across all patches and probes is 0.053
and the largest projected-state error is 0.047. These are fixed engineering checks on three
probes and a short window; they are not worst-case many-body channel bounds.

On the neutral star the probe restriction can be removed exactly. Propagating all 126
target inputs over the same short-time grid gives, at t = 0.1, a maximum projected-channel
operator norm 0.0624 and a maximum worst-case molecular /fixed-rishon leakage 0.0369
across A = 128,256,512. This is a sector-wide bound for the star only; the 2442- and
1995-state hexagon sectors retain their three-probe scope.
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Patch Target dim. Micro dim. |AEp| |(wo]P|¥)|?
Trivalent star 126 636 0.0240 0.9800
Neutral hexagon 2442 38372 0.0285 0.9646
Source hexagon 1995 31352 0.0297 0.9630

Table VI.1: Exact sparse-patch comparison at A = 512, with g4 = gg = V'A and target t, = 1.
The overlap is reported because the relevant target ground state is isolated; microscopic eigenpair
residuals are at most 2.0 x 107!1. The numbers validate the stated mediator model on finite
patches and do not constitute experimental fidelities.

V1.1.4 Preparation, Readout, and Error Separation

Preparation has three logically distinct stages: fixing two rishons per link and the intended
N, D, labels; selecting the neutral or classical-source Gauss block; and preparing the
interacting endpoint or protocol state. A simple product state in the correct sector is not
assumed to be a high- or low-mass ground state. In a formation experiment the classical
sources are present from the start and the mass is ramped from low to high. A unitary
vacuum evolution does not create a different source sector.

The data-independent preparation test makes this separation operational on a neutral
trivalent star. The lexicographically fixed product initializer has the correct two-rishon, N,
D,, and G? labels, but its overlap with the three-dimensional zero-hopping ground space
is zero. Sector registration is therefore not gauge or endpoint preparation. A separate
smooth conversion ramp was run in the 126-state target and 636-state microscopic sectors
at A = 128, using both a zero-hopping interacting ground-state probe and the product
probe. For durations 0.25 < T't;, < 2, the largest projected microscopic-target state error
is 0.0618 and the largest molecular leakage is 0.0676. The target final-ground-space fidelity
reaches only 0.215 for the interacting probe and 0.033 for the product probe over this
ladder. This characterizes an executable local primitive and supplies a negative preparation
control; without the upstream endpoint states and gaps it does not certify an endpoint or
formation schedule.

Occupation snapshots directly give matter ny, ny, link-end nr, ng, total matter number
and D,. Within the fixed two-rishon space they give

5 3

E; = Z“A”L:”Rzl' (VL.11)
The diagonal decoder for ny,ng, E?, L?, R® reproduces the target matrices exactly. Each
image supplies a joint nyng sample: (nyng) cannot be replaced by the product of separate
means (nz)(ng). The full Gauss Casimir requires rotated-basis matter—link and link-link
correlations; fusion projectors and off-diagonal U coherence likewise require tomography
or specified basis rotations. Consequently an £? image alone cannot establish non-Abelian
coherence.

An explicitly synthetic detector test used independent 1% loss and 2% bit misclassifi-
cation on 20000 snapshots of a fixed six-state distribution. The true £? mean was 0.525;
the raw decoder returned an expectation 0.4759, a bias of —0.0491, and standard error
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0.00255. Fixed-number postselection retained 90.7% of snapshots and reduced the bias to
—9.3 x 107°. These values validate the error-model pipeline, not an experimental detector.
Raw retention and postselected estimates must both be reported because postselection
changes the estimator as well as its sample size.

Adding 0.5% link-correlated loss and 0.5% end cross-talk gives raw bias —0.0515, 90.1%
retention and residual postselected bias +7.0 x 1074, The correlated model leaves a signal
of 0.05 bias limited; under the independent model that signal would require about 6.18 x 10°
shots. These synthetic single-estimator tests cannot replace a calibrated covariance model
for paired source-minus-vacuum data. The tested signal scales 0.01 and 0.025 are already
limited by raw bias. Single-shot occupation samples must be distinguished from corridor
probabilities and source—vacuum differences, which are ensemble quantities.

The physical error budget remains decomposed into upstream numerical uncertainty,
effective-Hamiltonian remainder, coefficient calibration, unwanted operators, fixed-rishon
and Gauss/D, leakage, ramp resolution, inhomogeneity, decoherence and loss, and readout
statistics. The finite-patch engineering tolerances used above are not substituted for a
signal-dependent budget, and correlated systematics are not automatically combined in
quadrature.

VI.1.5 Numerical References and Nominal Statistical Planning

The exact C2 endpoints, profiles and dimensionless trajectories are numerical references,
not evidence that an apparatus prepares the corresponding states. The static source and
vacuum vectors at m = 4 and m = 0.5 pass their sector and residual checks. Experimental
transfer still requires a microscopic preparation protocol and an apparatus-level error
budget.

These exact probabilities do determine a nominal ideal-detector planning oracle. For
equal numbers N, of independent source and vacuum shots and a Bernoulli observable
with known true probabilities pg, p,, the asymptotic equal-arm count at standardized
signal-to-noise ratio six is

. ps(l - ps) +pv(1 - pv)
Norm = ’736 (ps — pv)2 —‘ . (VI.12)

Table V1.2 applies this formula to the exact endpoint projectors. It assumes an ideal
detector, independent arms and no systematic floor. It supplies neither finite-sample
significance and power nor multiple-testing control; the entries are nominal oracle counts
per arm, not laboratory shot budgets. Applying the same calculation to a, = 4FE?/3,
the four high-mass corridor links each require three nominal shots per arm, whereas the
low-mass corridor values range from 76 to 73,604 because their source—vacuum signals are
strongly link dependent. These are marginal link-by-link calculations; they do not set the
joint budget for a complete profile or a multiple-link decision. Moreover, P, = 0 in the
vacuum sector is structural. Its entries quantify sampling of a source-sector event and are
not an independent matched-null test of the breaking mechanism.

The exact C2 breaking and formation curves provide the same kind of dimensionless
planning reference. At the final breaking time ¢ = 20, the source-vacuum signals are
0.109409 for P,y and 0.122192 for By, corresponding nominally to 297 and 259 shots per
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m  Projector Ps — Po NENR=6) Scope
4 Py 0.931664719 3 high-mass endpoint
4 Pyotn 0.000284349 126,569 high-mass endpoint
0.5 Py 0.028606772 1,248  low-mass endpoint
0.5  Ppotn 0.159918945 190 low-mass endpoint

Table VI.2: Asymptotic source-vacuum SNR oracle obtained from exact C2 endpoint prob-
abilities. The calculation omits finite-sample power, loss, misclassification, correlated drift,
postselection and calibration uncertainty; these counts cannot be interpreted as experimental
resources or confidence guarantees.

arm. At the end of the duration-four formation ramp the source values are 0.477103 and
0.016219, corresponding nominally to 40 and 2,184 shots per arm. These are descriptive
exact-cluster numbers. The independent persistence criterion for formation fails: its
minimum lower margin is —0.104063 over the duration-20 hold. Larger-patch convergence,
a calibrated waveform and the laboratory time map remain absent; the C2 ramp itself is
reproduced by full-rank Gauss-exact TDVP (Sec. V.1.4), which validates the C2 curves
but not wider patches, so these numerical references do not certify a laboratory formation
mechanism or dynamical transfer.

The thermal results provide independent finite-5 equilibrium estimates and bounded
first-step action tests, but no converged finite-time ensemble, mixing rate, structural lifetime
or experimental reservoir. Consequently no atomic endpoint preparation, laboratory
waveform, physical clock or thermal coupling is supplied by these numerical references.

V1.2 QGP-Motivated Correlation Readouts

The measurement correspondence connects source-supported electric flux to matter screen-
ing and the lifetime of the resulting structure. On the honeycomb graph, source-minus-
vacuum path observables require specified orientations, path ensembles, distances and
time windows. Matter response complements the Casimir image; rotated-basis fusion mea-
surements test colour recoupling. A thermal-survival measurement additionally requires
the bath or equilibrium target of Sec. V.2.

Temperature- and contact-dependent honeycomb measurements must retain the sector
and operator controls of Chapter V. The QGP connection and its continuum limitations
are developed in the Conclusion.

V1.3 Experimental Realization and Scope

The honeycomb analysis establishes an exact local encoding, excludes an ordinary-
tunnelling family with three independent controls and identifies a conditional molecular-
mediated Hamiltonian. Its physical realization requires coherent conversion, singlet-density
counterterms and independent electric, mass, Gauss and imbalance couplings.

The atomic candidates include '™Yb, '"'Yb and ¥"Sr. Coherent orbital Feshbach



V1.3 Experimental Realization and Scope 65

molecules, tunable spin exchange and 99.96(1)% single-atom imaging of 1"3Yb provide rel-
evant experimental ingredients [8, 34, 1]. Spin-resolved fermionic quantum-gas microscopy
of 87Sr now resolves all ten nuclear-spin occupations in a single realization [20]. Coherent
mapping among nuclear-spin, clock and Rydberg qubits in !"*Yb, including many-body
entanglement and loss-detectable readout, strengthens a distinct digital route [35]. These
demonstrations do not combine the four-mode link, oriented conversion, source addressing
and independent counterterms in one apparatus. Two-dimensional U(1) architectures offer
related approaches to plaquette dynamics and gauge protection [11, 33, 32]; the SU(2)
fusion structure requires additional encoding and readout. Tensor-network resource scaling
is also an independent limitation beyond one dimension [28].

VI.3.1 Operator Validation and Physical Interpretation

Consistency of the model specifications was checked across 23 geometry representations
and 18 deliberately inconsistent inputs. Together with the local algebra, star and hexagon
comparisons, these tests establish the finite-patch encoding and reduction. Table V1.3
separates those results from the physical assumptions needed in an experiment.
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Component

Quantitative basis

Physical interpretation

Local encoding
Star and loop tests
Ordinary tunnelling
Incident-rishon
tunnelling
Molecular mediator
Star dynamics
Preparation

Readout

Static targets

Driven protocols
Thermal contact

Laboratory scales

19 matrices; 82 relations
18 stars; two loop sectors

Rank 3/5; remainder 0.75
SU(2) exact; target t = 0; rank
4/5

Rank 5/5

All 126 initial inputs

Product and interacting
probes

Exact decoder; synthetic
detector errors

Exact C2 endpoints and
profiles

Exact C2 descriptive curves

Engine and zero-time scalar
oracles

Dimensionless model
parameters

Exact representation of local
operators

Agreement on the tested
geometries

Insufficient independent couplings
Current-isometry/D,, obstruction;
not species-wide

Conditional low-energy
construction

Short-time sector-wide error
bound

Sector initialization differs from
ground-state preparation
Calibration and correlated noise
remain essential

Reference accepted; formal
four-role transfer remains
incomplete

Formation persistence fails and no
production transfer is licensed

No finite-time thermal response or
reservoir transfer is certified
Require calibrated couplings and
coherence times

Table VI.3: Operator identities, finite-patch reductions and experimental assumptions. Nu-
merical overlaps and synthetic detector tests are not experimental fidelities or calibration
measurements.

VI1.3.2 Equilibrium Preparation and Driven Protocols

An equilibrium comparison uses source and vacuum states at both high and low mass.
Their energies, physical variances, Gauss and D, diagnostics, link-resolved £?, matter
density, corridor profiles and excitation gaps specify the target. Exact C2 vectors provide
these references, and Gauss-exact DMRG reproduces them at both masses (Table 11.2);
the exact real-time curves of Sec. [V.1 provide the corresponding dynamical targets.

A microscopic preparation must additionally reproduce the relevant state or ground
subspace. Its accuracy is measured through energy shifts, overlap, observable deviations
and leakage relative to the source-vacuum signal. Coeflicient tolerances, inhomogeneity
and coherence time enter separately. Exact target states therefore establish a numerical
reference, not the fidelity with which an atomic apparatus prepares it.

Formation begins with sources already present and ramps the low-mass state toward
high mass. Breaking starts from a high-mass source state and quenches to low mass, with
a matched vacuum evolution. In both cases target and microscopic trajectories must be
compared through connected electric response, matter redistribution, path connectivity and
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a colour or fusion channel. Ramp fidelity, leakage and gauge drift distinguish preparation
error from subsequent dynamics.

The exact results of Sec. I'V.1 provide dimensionless benchmarks. A laboratory predic-
tion also requires a complete waveform, calibrated coupling scale and an error budget for
the microscopic evolution. If J ., is the energy unit used to nondimensionalize a protocol,

then
ht

Jcal '
This calibrated scale is not automatically any bare tunnelling or conversion amplitude of
the microscopic model. Values of Jea1, Jea/h and Jea /b require distinct conventions. No
millisecond duration follows without calibration. Errors must be assessed relative to the
intended signal; when that signal vanishes, an absolute equivalence tolerance is needed.

tapy = (VL.13)

VI1.3.3 Thermal Coupling and Calibrated Readout

The stationary Davies construction in Sec. V.2 is a phenomenological reference, whereas
the Gaussian and modular KMS constructions are algorithmic thermostats. Neither is a
reservoir already realized by the preparation hardware. Experimental transfer requires
a separate derivation of the effective system-reservoir operators, spectrum and coherent
correction, with independent calibration of charge preservation, loss and leakage. Exact
encoding, canonical contacts and KMS identities alone do not determine a laboratory
temperature or relaxation clock. Structural readout can be compared quantitatively only
after the ensemble, coupling normalization and laboratory time map are specified.

Temperature and coupling dependence, heat exchange, physical leakage and observable
durability must then be evaluated together. The physical target is a window in (7, v, t) over
which formation and breaking remain distinguishable. Such a window is not determined
by gauge preservation alone: a reservoir preserving only the SU(2) Gauss block can still
change D, labels, while even the fully D,-preserving contacts used here can change the
flux profile. The accessible ensemble must be specified in either case.

Readout requires colour-resolved detection matrices, number resolution and calibration
of correlated loss, cross-talk and shared source/vacuum errors. Raw and postselected
estimators, retention, bias correction and paired-difference covariance determine the
shot count at a specified confidence level. The synthetic tests above quantify estimator
behaviour under stated noise models; they do not replace detector calibration. Fusion
or colour-coherence readout is needed in addition to an E? image to probe non-Abelian
information.

VI1.3.4 Atomic Platforms and Experimental Outlook

The complementary demonstrations in ™Yb make this species the strongest current
analog follow-up candidate for the molecular route. This is a prioritization for further
design, not a species selection. The 87Sr microscope strengthens spin-resolved readout and
the 1™'YD result strengthens a digital /tweezer route, but neither implements the present
fermionic occupation encoding. The integrated-platform gate therefore remains closed.
The central experimental challenge is to combine the four-mode link, oriented singlet
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conversion, two independent counterterms, five target coefficients, classical source control
and occupation/fusion readout in one geometry. The present calculation does not specify
an integrated apparatus or a calibrated parameter set in Hz.

A quantitative implementation must identify internal states, trapping geometry,
g4, g, A, counterterm generation, g, m, \, i, loss and decoherence, the effective time scale
and the measurement sequence consistently. These requirements delimit the experimental
interpretation without weakening the operator result: the local fermionic encoding is
exact, the ordinary-tunnelling family is insufficient, and the molecular mediator realizes
the desired low-energy interaction under the stated control assumptions.
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Conclusion

The thesis establishes a controlled finite-patch account of static and driven source response
in a two-rishon SU(2) quantum-link model on an open honeycomb lattice. Its central
quantitative result is the C2 separation scan in pre-specified conserved-label sectors. At
m = 4, the potential rises nearly linearly over graph distances R = 2,4, 6, giving a finite-
distance force 1.03+£0.01¢,/a per graph link, approximately 69% electric and within about
4% of the stated second-order strong-coupling estimate. At m = 0.5, the force softens by
47-53%, its electric contribution becomes negative, connected flux collapses and flux-free
endpoint matter grows. The remaining light-mass cost is conditional on the registered
corridor labels; it is not an asymptotic string tension or evidence against screening. On
the wider C4 and C8 patches, whose corridor coordination differs from C2, heavy-mass
variational states differ from the exact connectivity and source potential of the relocated
C2 sources by +0.5% and —1.0%, with bounded numerical support on C8. At m = 2 the
capped C4 and C8 source states give larger connectivity, 0.775-0.777, than the relocated C2
sources, 0.718; this difference is reported descriptively. Exact coupling scans on C2 bring
the half-connectivity mass close to the classical string/one-pair crossing at strong electric
coupling, slightly below it at g?> = 6 and 8 against the registered expectation, and the
heavy-mass force towards the strong-coupling estimate. By the registered criterion, which
uses the [2,4] force and the R = 4 connectivity, the heavy-mass response is insensitive
to the plaquette coupling up to x = 2; the [4,6] secants of the R = 6 sectors are not
covered by it and fall by 5-11% at x = 2. At larger plaquette coupling, or lighter mass,
plaquette-dominated ground states appear, and a source-vacuum difference across the two
branches is not a potential.

The real-time results connect this static response to controlled preparation. The
m = 4 — 0.5 quench suppresses electric support and source connectivity while transferring
weight to flux-free endpoint classes. The response remains oscillatory and energy conserving.
The inverse ramp increases connectivity and electric response, but the post-ramp ground-
state population is incomplete and the hold does not support persistent formation at the
tested speed. Exact physical-sector propagation and full-rank Gauss-exact TDVP agree at
the stated precision. This validates C2 operators and integrators, not efficient compression
or wider-patch convergence.

The non-Abelian content is represented explicitly through SU(2) link matrices, Gauss
intertwiners and local fusion projectors. The measured recoupling populations are state-
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dependent structural information, but the breaking signal itself is not uniquely non-Abelian.
A model-exclusive dynamical claim would require a matched reduced-model control and
fusion-resolved evolution.

The thermal contribution supplies complete physical sectors, independent Gibbs es-
timates, Davies and KMS reference tests, and a conditional uniqueness result for the
declared contact algebra. Four finite-temperature first steps test bounded numerical
actions. No converged open ensemble, structural lifetime or thermal deconfinement transi-
tion is measured. Likewise, the QGP connection is methodological: the model resolves
colour-field support, screening and gauge-aware relaxation, but it is neither SU(3) QCD
nor a continuum plasma simulation.

The microscopic analysis gives an exact local fermionic encoding and rejects two
insufficient tunnelling families for the current isometry. A molecular singlet-pair mediator
produces the target hopping conditionally when the counterterms and remaining couplings
are independently controllable. Star and hexagon tests quantify finite-patch errors, while
preparation and synthetic detector studies expose the remaining experimental requirements.
The result is a conditional Hamiltonian construction, not a completed apparatus.

The next decisive steps are C4 and C8 source states that meet the sector and single-
state criteria at and below the C2 half-connectivity bracket, slower and gap-informed
formation ramps, real-time protocols at nonzero plaquette coupling, matched reduced-
model dynamics, multi-step finite-temperature ensembles at matched temperature, and an
apparatus-specific preparation and readout design. These extensions follow directly from
the limits stated with each present result.



Appendix A

Supplementary C2 Results and
Numerical Accuracy

This appendix supplies the detailed finite-sector data underlying Secs. I11.1.1 and I11.1.2,
together with the physical-subspace representation and the numerical certification of the
C2 calculations. The fixed-separation data come from the C2 static campaign of 6 October
2026 (data release 1.2); the separation-scan records were computed on 6-8 October 2026,
and their independent re-derivation and Gauss-exact certification were completed on 12-13
October 2026. Displayed digits are rounded numerical values, not statistical uncertainties.
All energies use t, = 1; the main ladder has ¢ = 2, A = u = 20, k = 0, and the sectors of
Eq. (I1.21). The results concern this exact C2 problem and do not extend to C4 or C8.

A.1 Operator Conventions and Physical Coordinates

The matter basis is (|0),| 1),] 4),| T})), with n = diag(0,1,1,2) and parity F, =
diag(1, —1,—1,1). Its local annihilators are

o =0T+ a=[0d =DM
The ordered link basis is (|0,2),|L T, R 1),|L T,R}),|L L, R1),|L |, R {),|2,0)). Num-

bering these states 1-6, the transporter is

Ui = 9 {A[ = 16)3[, Uz = —[5){1] = [6)(2],
Ui = |2)(1] + [6) (5], Unp = —[3)(1] + [6)(4].

It obeys [nr,Uuw] = Uuw, Mg, Us) = —Uw, with E? = diag(0,3/4,3/4,3/4,3/4,0). The
link spin blocks use (—S;, —S,, S.), whereas the matter block uses (S, S, S); intertwiner
construction respects this basis rotation. In colour-matrix notation (UT), = (Up,)T,
distinct from taking the adjoint of a single component U,,. The latter enters (¢, Ut)p)t =
Y ab ¢E’b(Uab)Tw A.q- Backward plaquette traversal uses the colour-transposed adjoint, and
the plaquette term has coefficient —x.

Jordan—Wigner strings include intervening matter parity and the appropriate endpoint
factors. Link parity is even because the link contains two rishons, but this does not remove
matter-fermion signs. On the tested fragment, both the signed and unsigned hopping
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constructions obey gauge covariance, yet their Frobenius difference is 11.313708498984761.
Statistics must therefore be specified independently of the Gauss algebra. The MPS
ordering represents two-dimensional adjacency through nonlocal terms, not a physical
reduction to one spatial dimension.

The isometries U, distinct from link transporters, map the physical source and vacuum
spaces of dimensions 27 580 and 16 502 into the corresponding product sectors:

U, =1, P, = UU], Hy, = Ul Hold,.

This is the complete retained physical sector, not a low-energy window. An independent
coordinate-transfer calculation checks all 11,211,687 product-basis rows and all 18,437,415
nonzero isometry entries for number, imbalance, Cartan and diagonal-observable consis-
tency. Relative Frobenius errors of UJU, — I are 1.3452 x 10~ and 2.3226 x 1071°. The
four exact vectors return to the original basis with relative errors at most 2.4706 x 10715,
Fresh physical-coordinate H residuals are

‘ m =4 m = 0.5
source | 4.2882 x 1071 1.3405 x 10713
vacuum | 1.5333 x 10~1¥ 8.8203 x 10714

The full orthonormality test is distinct from sampled canonical operator checks: sixteen
selected columns at twelve vertices give worst Casimir residual 4.7236 x 10715, and twenty
reconstructed Hamiltonian entries differ by at most 2.1317 x 107'*. The 222 numerical
checks support transfer of exact static vectors. They do not establish finite-temperature
Gibbs convergence or dissipative lifetimes.
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A.2 Detailed Mass Ladders and Spatial Responses

Table A.1: Ground energies of the optimization Hamiltonian, including the source Gauss
constant 30, and same-sector first excitation gaps.

m EO,srC EO,vac Asrc AvaLc

0.25 13.54643 —19.028855 0.87168632 2.2480761
0.5 12.600668 —20.480997 0.75674361 2.6821173
0.75 11.389136 —22.159727 0.65180356 3.1295119
1 9.9333938 —24.021355 0.5733768 3.583506
1.125  9.1097606 —25.010537 0.56647661 3.8121146
1.25 8.216883 —26.034166 0.60143059 4.0415743
1.375  7.2553239 —27.089346 0.68625042 4.2717891
1.5  6.2321281 —28.173473 0.81654036 4.5026948
1.75  4.0396403 —30.419381 1.171634 4.9664136
2 17039292 —32.755573  1.598155 5.4324958
2.5 —3.2530033 —37.64711 2.5416809 6.3711653
3 —8.4646411 —42.765049 3.5317512 7.317697

4 —19.349755 —53.464894 5.5485509 9.2305657

Table A.2: Configuration-projector expectations in the original source sector. Local flux-free
support requires exactly one matter particle.

m Pany Psel Palt Pff(l) Pff(g) Pboth

0.25 0.014469757 0.014446745 2.3012338 x 10~° 0.75117943  0.2571877 0.18405594
0.5 0.028903779 0.028886816 1.6962808 x 1075  0.72436904 0.237631 0.15991895
0.75 0.061403403 0.061390874 1.2528876 x 107> 0.67115732 0.21357969 0.12994132
1 0.14339623 0.14338642 9.805135 x 1076  0.54869989 0.18769289 0.09258069
1.125 0.21871283 0.21870413 8.7017215 x 1076  0.45141687 0.17188271  0.070966306
1.25  0.3150386 0.31503119 7.4104481 x 1075 0.34538904 0.15248577  0.050088713
1.375 0.41579532 0.41578942 5.8962165 x 1076  0.25428753 0.13106125  0.033324579
1.5 0.50553692 0.50553251 4.4046207 x 1075 0.18885643 0.11086302  0.021842285
1.75  0.6383008 0.63829859 2.2143703 x 1076 0.11595339 0.08022268  0.010052661
2 0.72439944 0.72439837 1.0692453 x 10~¢ 0.080770937 0.060823032 0.0052799673
2.5 0.82418507  0.8241848 2.6141317 x 10~7 0.04781917 0.039221536 0.0019558381
3 0.87803908 0.878039 7.2013533 x 1078 0.032221172 0.027718528 0.00091363463

4 0.93166509 0.93166509 7.6983583 x 10~ 0.017622049 0.016013622 0.0002843493

Table A.3: Physical energy, signed off-corridor fraction, mean corridor response, largest off-
corridor absolute response, and source-site matter redistribution.

m \% €off Pe maxgge |pe Angq Ang

0.25 2.5752846 0.1415016 0.10361284  0.10933884 0.37785359 0.21657576
0.5 3.0816644  0.13003732 0.13987162  0.11909735 0.42887889 0.19233986

Continued on the next page
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Table A.3 (continued)

m \% €off Pe maxgge |pe Angq Ang

0.75 3.5488625  0.10339484 0.18819013  0.11610469 0.4302727 0.15937136
1 3.9547488 0.058556194 0.27353921  0.08954217 0.34845701 0.12042581
1.125 4.1202971 0.036868015 0.33725268  0.06709892 0.26782732 0.096603476
1.25 4.2510486 0.022091029 0.40755835  0.04473341 0.17654324 0.070113808
1.375 4.3446698 0.014581189 0.47095529 0.028290751 0.098567248 0.044471336
1.5 4.4056013 0.011420789 0.52011237 0.018613285 0.044875906 0.023211825
1.75 4.4590214 0.0092676547 0.58252697 0.0104102 —0.0079831342 —0.0039665765
2 4.4595026 0.0080264069 0.61838104 0.0083409687 —0.026788423 —0.017255502
2.5 4.3941071 0.0057725805 0.6585053 0.0067881596 —0.034932096 —0.026111478
3 4.3004075 0.0040364486 0.68124543 0.0049028919 —0.033016541  —0.02661708

4 4.1151389 0.0020076841 0.70656016 0.0024694116 —0.025412435 —0.022202493

Table A.4: Separate source and vacuum energy expectations. Tiny negative vacuum Gauss
expectations are floating-point roundoff around zero.

m_ Role (mM) (Hg) {Hhop) (He) (Ho)
4 Source —44.415809 3.2223905 —8.1563364 30 —49.349755
4 Vacuum —43.732766 0.39046427 —10.122592 —1.9014372 x 1077 —53.464894
0.5 Source —2.1698122 2.4235889 —17.653109 30 —17.399332

0.5 Vacuum —3.1482692 1.7804734 —19.113201 —3.1437181 x 10717 —20.480997

Table A.5: Source—vacuum energy components and excess particle-hole content. The last
column is an expectation difference in active-link units, not a configuration-wise integer count.

m mA(M) A<HE> A<Hh0p> 1% A<NA> %A(HE>

0.25 0.5210054 0.48276309 1.5715161 2.5752846 1.0420108 0.64368412
0.5 0.97845698 0.64311552 1.4600919 3.0816644 0.97845698 0.85748736
0.75 1.3259106 0.83956745 1.3833844 3.5488625 0.88394043 1.1194233
1 1.4451036  1.1622115 1.3474337 3.9547488 0.72255179 1.5496154
1.125 1.3421324 1.4006499 1.3775148 4.1202971 0.5965033 1.8675332
1.25 1.1195081 1.6670605 1.4644799 4.2510486 0.44780326 2.2227473
1.375  0.83725667  1.911696 1.5957171 4.3446698 0.30445697  2.548928
1.5 0.56485399 2.1044844 1.736263 4.4056013 0.18828466 2.8059791
1.75 0.1465477 2.3519045 1.9605691 4.4590214 0.04187077 3.1358727
2 —0.12625302 2.4935383 2.0922173 4.4595026 —0.031563255 3.3247178
2.5 —0.43313659 2.6493146 2.1779291 4.3941071 —0.086627319 3.5324195
3 —0.58177348 2.7360255 2.1461554 4.3004075 —0.096962246  3.648034

4 —0.68304304 2.8319263 1.9662557 4.1151389 —0.08538038 3.7759017




A.2 Detailed Mass Ladders and Spatial Responses 75

Table A.6: Electric Casimir responses on all thirteen links. Corridor order along the source
path is [1,3,2,5]; depth labels are discrete graph-shell labels, not continuum transverse distances.

Link Corridor Depth pe(4) pe(1.5) 00(0.5)
1 Yes 0 0.70531935 0.51052537 0.03046662
2 Yes 0 0.70630646 0.48767239 0.0093773588
3 Yes 0 0.7065391 0.51270971 0.20266432
4 No 1 0.0013261548 0.018613285 0.11909735
5 Yes 0 0.70807574 0.56954202 0.3169782
6 No 2 —0.00012005789  —0.00039060458 0.0075523717
7 No 1 0.0024694116 0.0041361946 —0.022564224
8 No 2 —0.00010769821  —0.00022425495 0.0089359441
9 No 2 —0.00010050153 —8.623069 x 10> 0.0038888805

10 No 1 0.0022687368 0.0031367416 —0.02528686
11 No 3 3.0411047 x 1076 0.00035923418 0.0077136164
12 No 3 8.5033409 x 1076 0.0003221597 0.0013189
13 No 2 —6.1976641 x 10~° —0.0018316539 —0.017026958

Table A.7: Matter redistribution at every vertex, with sources at vertices 1 and 3. Summed
response vanishes within numerical precision before printed rounding.

Vertex Sublattice An,(4) An,(1.5) An,(0.5)
1 A —0.025412435 0.044875906 0.42887889
2 A —0.043877224 0.11094927 0.39944461
3 A —0.022202493 0.023211825 0.19233986
4 A 0.0032984462 0.0063627825 —0.017188806
) A 0.0028838983 0.0046227109 —0.016206216
6 A —7.0572185 x 107°  —0.0017378325 —0.0088113511
7 B 0.043796704  —0.070962451  —0.27313116
8 B 0.042918034  —0.089544004 —0.4178993
9 B —0.0017784038  —0.027754911  —0.22424711

10 B 0.00030940109 0.00073616148 —0.025279719
11 B 0.00013891844 —0.00016702824 —0.020625141
12 B —4.2736489 x 1075 —0.00059242871 —0.017274554

Table A.8: Full-colour main and plaquette-control ladders and colour-diagonal hopping com-
parison. The latter is not a matched independent U(1) theory.

Pany Piotn
m Main kK=.5 Diagonal Main kK=.5 Diagonal
0.5 0.028903779 0.02862484 0.0058446131  0.15991895 0.1592082 0.21791448
1 0.14339623 0.14636867 0.083247926  0.09258069  0.091354797 0.094917084

1.5 0.50553692 0.50840344  0.83223183 0.021842285  0.021302485 0.0020066261
2 0.72439944 0.72449847  0.91515969 0.0052799673 0.0052368244 0.00045410688
4 0.93166509 0.93164698  0.98131364 0.0002843493 0.00028435568 2.2015082 x 10~°
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Table A.9: Finite-penalty departures from the minimal full-colour blocks. These contributions
prevent attributing all main/control differences solely to colour mixing.

m <HG>src —30 <HG>vac
0.5 0.10749806 0.13056996
1 0.10732007 0.13594522
1.5 0.11288401 0.1375491
2 0.11259269 0.13719577
4 0.10482302 0.12929377

Table A.10: Original sources (1,3) and relocated sources (4,6), both at graph distance four.
The relocated sector is separately derived from the same geometric balance rule.

Pany Asrc v
m Original  Relocated Original Relocated Original Relocated
0.5 0.028903779 0.030225536 0.75674361 0.70265132 3.0816644 3.0193692
1 0.14339623 0.14136187 0.5733768 0.60798362 3.9547488 3.9093129
1.25  0.3150386 0.29776151 0.60143059 0.66498308 4.2510486 4.2176572
1.5 0.50553692 0.48658689 0.81654036 0.8689249 4.4056013 4.3885589
2 0.72439944 0.71846692  1.598155 1.6254091 4.4595026 4.4570257
4 0.93166509  0.9314951 5.5485509 5.5584743 4.1151389 4.1154253

Table A.11: Independent solutions at Gauss strengths 20 and 40. Shift error subtracts the
expected source shift 30 or vacuum shift zero. Negative infidelity at the roundoff scale is not a
physical negative probability.

Role m  Shift error 1-F max|iE?| max |6n| Projector error
Source .5 —2x1071% 27x1071% 2.6 x1071* 4 x 10" 3.5 x 10714
Source 4 —6.4x 107! —4.4x 107 3.4 x107'* 8.9 x 107 1.2 x 1071

Vacuum .5 6.8 x 10714 2x 10715 1.9x 1071 5.6 x 1071° 1.2 x 10717
Vacuum 4 —2.8 x 10713 —1.3x 107 84 x 10716 2.5 x 10~ 1x10720

A.3 Gauss-Exact Static Certification

The Gauss-exact DMRG of Sec. 11.5.2 was compared with the first-principles exact ground
states for all five source sectors (R = 2, 4 and the three R = 6 sectors), each relative to
the vacuum of the same mass. Figure A.1 shows the potentials and finite-distance secants
together with their signed differences. All differences lie far inside the predefined threshold
1078; the largest, +7.8 x 107 ¢}, in Vp(6) and +4.0 x 10711 ¢}, /a in 0k[4, 6], both for route
C at m = 4, belong to the state with the largest energy error in Table I1.2. The recorded
production values differ from this reference by at most 3.6 x 10712 in Vp and 1.6 x 1072 ¢}, /a
in o). For the R = 4 source sectors the Gauss-exact DMRG also reproduces every (FE7)
and (n,) of the exact states within 2.0 x 10712 (m = 4) and 2.2 x 10713 (m = 0.5).
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Cy (Lx=3, Ly=2): static separation cost, ED versus Gauss-exact DMRG
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Figure A.1: Static separation cost from first-principles exact diagonalization (ED) and Gauss-
exact DMRG for the five source sectors at m = 4 and m = 0.5 (mass colours; J = ty,). (a)
Vb (R); open squares and diamonds are the R = 6 routes B and C, offset by +0.20 and —0.20,
and the two masses at R = 2 are offset by F0.12. (b) Secants Jefo per graph link at the interval
midpoints 3 and 5. Black bars are the DMRG values. (c,d) Signed differences DMRG—ED at
m = 4, in units of 1071%, and at m = 0.5, in units of 10714 (¢, for Vp, ty/a for o1};); tick names
without a route letter refer to the primary sector.
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A.4 Numerical Reliability and Reproducibility

The local Fock reconstruction, small-system comparisons, sampled production MPO el-
ements, exact-vector recomputation, the independent first-principles re-derivation and
the Gauss-exact tensor networks test different parts of the calculation. Their counts are
not added as if they were independent physical experiments. The fixed-separation data
re-evaluation covers 46 ground-state records, 23 source-vacuum responses, six placement
records and two initial quench-energy calculations. Largest record and response differences
are approximately 2.023 x 1072 and 2.527 x 10~!3. The mechanism calculation indepen-
dently reproduces 78 quantities within 9.3 x 107'2. These checks complement, rather than
replace, the explicit Hamiltonian and sector definitions.

The definitions of the electric response, the full-energy ratio and the force secants were
checked against 10 static records, four force intervals and 1,444 real-time rows reconstructed
from their primary measurements; deliberately substituting Hy/R for the electric response
is rejected for both static and dynamic tables. The C2 static-response and real-time
figures reproduced in this thesis were redrawn from the certified records; their plotted data
equal the source records point by point, apart from declared horizontal display offsets of
overlapping markers and the declared 10717 display floor of the logarithmic deviation plots.
In the full campaign documentation every plotted series equals its source record within
6.7 x 10716 (static) and 1.3 x 107'® (real time), and every drawn primitive lies within
1.1 x 10~ pt of its source value. Figure inputs and outputs are bound by SHA-256 hashes.

The sparse C2 implementation uses approximately 5.2-6.2 GiB for source states and
3.2-4.3 GiB for vacuum states. Recorded main-ladder computations take about 9-27
minutes per point; the slowest colour-diagonal control takes approximately 75 minutes.
Each production task constructs its own working representation. These are implementation-
specific measurements, not scaling claims for other geometries or MPS contractions.

Reproducibility requires binding a state to its basis order, local matrices, fermionic
convention, geometry, parameters and measurement Hamiltonian. Residual calculations
retain the state independently of subsequent reporting so that a measurement failure does
not erase a valid optimization result. Original records and corrections are versioned rather
than silently overwritten. Hashes identify the data used, but are neither digital signatures
nor independent proofs of the physical model. The acceptance criteria of the Gauss-exact
calculations were fixed before any production data; two amendments, each fixed before
the data it governs, are recorded with the run files.



Appendix B

Sector-Resolved Thermal Methods
and Numerical Controls

This appendix gives the algebraic and numerical details underlying Sec. V.2. It distinguishes
complete physical-sector calculations from spectral approximations, exact generators from
numerical actions, and equilibrium estimates from trajectory statistics. The numerical
results refer to the C2 representation and computations reported on 6 October 2026; earlier
star and C' = 1 results retain their own geometries.

B.1 Physical Representation and State Transfer

The C2 source and vacuum product spaces contain 6,713,288 and 4,498,399 states. Pro-
jecting onto all prescribed local Casimirs gives physical dimensions 27,580 and 16,502.
Every retained energy level remains present. The isometry U is distinct from the link
transporter U%; the projector P is distinct from an energy-window projector. The extra
D, conservation follows from the determinant-free Hamiltonian and gives a U(2)-type
local algebraic structure. Restricting to a D, pattern is additional conditioning, not the
removal of non-Abelian fusion multiplicity.
Three Hamiltonian conventions require separation:

Hopt :HO+HG+HD7 Hprot :HO+HG7 HOZHh0p+Hm+HE+Hp'

Some earlier numerical records name H,,.; physical. All thermal energies here instead use
the penalty-free Hy. At A = 20 the retained source contribution is 30 and the vacuum
contribution is zero. Normalized Gibbs states are unchanged by those constants, but raw
partition functions and free energies are not. Outside the retained block the protection
energy is state dependent.

The four exact input vectors contain 1,411,136 bytes of complex128 state payload. Their
maximum physical-energy residual is 1.26004 x 107!3, back-transfer error 1.92234 x 107,
initial-observable discrepancy 7.28306 x 1074, and discrepancy against the independent
earlier initial-observable calculation 9.59233 x 10~!4. The preparation took 3.9165 s wall
time, 2.79465 s CPU time and 0.770794 GiB peak resident memory; a 20% allowance
gives 0.924953 GiB. Casimir action checks sampled eight columns in each sector. They are
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not full-matrix Casimir tests. These transfer measurements are separate from the static
certification of Appendix A.

An earlier independent infinite-temperature review covered 222 numerical checks and
81 input/operator bindings in 12.62 s with 0.807 GiB peak memory. Its representation
analysis included all 11,211,687 ambient product-basis rows and 18,437,415 nonzero
isometry coefficients. Source and vacuum orthogonality residuals were 1.3452 x 10~1* and
2.3226 x 1071¢, respectively. The sampled Casimir-action residual was 4.6451 x 1071 on
sixteen columns, and twenty hopping-action checks gave a maximum 2.1317 x 1074, These
scopes must not be conflated: complete row/coefficient coverage does not turn sampled
operator actions into a full operator-norm bound.

B.2 Filtered Actions and Numerical Conditioning

For § > 0, the coherent correction of Eq. (V.11) has the paired integral representation

o] iHSuK —iHsu —iHSuK iHsu
GKMS :/ ¢ ¢ ¢ ¢ du. (Bl)
0

B sinh(2mu/p)
Pairing cancels the apparent singularity: the integrand tends to i[Hy, K|/m at u = 0. At

B =0, Gkums = 0 follows directly from the algebraic formula rather than division by a
vanishing inverse temperature. For a time cutoff T, > 0,

T,
|Gms — G(TCSH < H H coth( 3 ) . (B.2)

For the Gaussian jump filter,

| Lo —L

Ya 18 erfe ( V2I. ) (B.3)
These are cutoff-tail bounds only. Quadrature, exponential-action and approximate- K
errors require separate control. Refining GG on one vector does not bound the full operator
or establish Gibbs stationarity. Refinements on different vectors cannot be concatenated
into a convergence sequence.

For the modular alternative, write ag = /4. With a constant energy shift suppressed,

By =Y 7aSee S, K =" Byt (B.4)

Shared outer factors and bounded contact blocks reduce repeated action costs; the same
factorization enters the Gxys action. An outward-padded Gershgorin interval of the stored
Hermitian sparse Hamiltonian supplies FElower; Eupper- It is not an interval proof for an
independently reconstructed ambient Hamiltonian. The guard S(Eupper — Flower) < 24
limits amplification in the actual implementation. Exact finite-dimensional identities
remain valid outside that guard, but numerical conditioning and jump rates can worsen
severely. The finite-temperature C2 steps at 5 = 0.125 do not demonstrate tractability at
£ =0.52,8.
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Witness quantity Source Vacuum
Physical directions covered 27,580/27,580 16,502/16,502
Distinct contact signatures 20,071 16,452
Largest initial signature block 8 3
Exact determinant witnesses 11,503 49
Propagation rounds ) 1
Smallest recorded singular diagnostic 0.613645 ~ 2
Hermitian correction, Frobenius norm 4.88910712 2.160 1012

Table B.1: Coverage of the source and vacuum physical spaces for the stored, Hermitian-
symmetrized H,; and canonical contacts. Rational determinant witnesses establish the block
propagation; the singular diagnostics are not the exactness criterion. This is not an independent
ambient reconstruction.

The Gaussian construction follows the filtered KMS framework [17]. Its operator
identities and equilibrium target do not imply identical kinetics to the modular alternative.
The latter’s constant even prefactor is admissible on a finite spectrum; an efficient Fourier
implementation theorem with integrable decaying filters is a different statement.

B.3 Constructive Accessibility and Uniqueness

The 25 contacts are diagonal in the chosen physical basis. Assign to each basis direction
its complete vector of contact eigenvalues. If an operator X commutes with every .S,, then
X is block diagonal with respect to these signatures. Degenerate signatures can support
nonscalar blocks even when the Hamiltonian’s ordinary connectivity graph is connected.

Singleton signatures and nonzero Hamiltonian links first propagate a common scalar c.
For a remaining signature block B, commutation with H implies

(XB—C[B)HS[B,K:]:O, (B5>

where K contains directions already fixed to that scalar. An invertible square minor of
H([B, K] fixes Xp = clp. Iterating this argument reaches every coordinate. Determinants
of the stored binary floating-point coefficients are evaluated as exact rational numbers,
rather than declared nonzero from a floating-point singular-value threshold. The numerical
singular values are supplementary conditioning diagnostics.

The mass and electric diagonal terms belong to the contact span, so changing the
endpoint mass leaves the common-commutant argument unchanged.

For completeness, consider the exact finite-dimensional generator at finite 3, with all
Y. > 0 and faithful ps ;. Let X be a fixed observable of /\/lg +iady,. KMS self-adjointness
and nonpositivity of the thermostat, together with skew-adjointness of the Hamiltonian
drift, imply

Re(X, (M} +iady,)X)s, =0 = MLX=0, [H,X]=0.
The stationary-state Kadison identity then gives

> Tr(ppalLas X1 La, X]) = 0.
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Faithfulness makes every commutator vanish. Since X commutes with Hy, invertible
modular conjugation yields [S,, X] = 0. For the Gaussian filter the same implication follows
because its multiplier is strictly positive at each finite Bohr frequency. Equation (V.13)
therefore leaves only X = cl; the stationary density is unique. This application of
stationary-state algebra retains the faithful-state and exact-generator hypotheses [19, 44].

The argument gives neither a numerical relaxation rate nor a finite-step convergence
bound. Additional exact invariant blocks, if present for another contact set, would preserve
initial weights. With mixing inside such blocks and decay of inter-block coherences, the
accessible reference would instead be ) paps.o. The scalar C2 result rules out this
particular obstruction for the declared stored algebra, not for all gauge-aware reservoirs.
Near-zero modes at finite numerical precision must not be promoted to exact conservation
laws.

B.4 Equilibrium Estimators and Uncertainty

For Eq. (V.14), set z, = vIOs,, ¥, = viv,, T = R;l Y.z and g = R;l > . yr. The
trace estimates are unbiased before taking ratios, whereas z/y and logy — SEg, have
finite-sample bias. The covariance contribution in a delta-method variance estimate is

e sbe,r0n
Var(z /i) =~ B e Y O=1/y. (B.6)
pY

Student intervals and jackknife bias estimates complement this diagnostic; an effective

weight count is not an exact confidence guarantee. The stored sufficient statistics include

Hy, H? and 35 diagonal observables, without requiring a saved bank of propagated probes.
At infinite temperature, independent exact trace identities are

~ TrO,

REAE
ds, '

ds

<O>0,s <Hs2>0,s (B‘7)

They have no Monte Carlo sampling error, apart from arithmetic error in the stored
representation. At finite 5, comparing one exponential action with two half-actions tests
composition but is not a rigorous global error bound. Using an accepted ground-state
energy as Fg, does not certify omitted levels; the present estimator does not omit levels at
all.

Each of the twelve reference points uses two independent PCG64 batches, 64 probes per
batch. At 8 = 0.5, the maximum composition discrepancy is 1.526 x 10715; effective weight
counts are 94.4, 127.5, 74.0 and 125.8 for source high mass, source low mass, vacuum high
mass and vacuum low mass, respectively. Nested 32-to-64 comparisons reuse probes.

The unrounded cold connectivity estimates are 0.931665094 for source m =4, =8
and 3.753374241 x 1077 for the corresponding vacuum. Their approximate sampling errors
are 9.29 x 10713 and 5.44 x 10723, while high-mass energy errors are of order 10~'*. These
scales indicate nearly collinear cold propagated probes, not an independent systematic
accuracy of twenty-three decimal places. For comparison, the source m = 0.5, = 8
energy variance is about 0.001147, and the vacuum m = 0.5, 8 = 2 variance is about
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Construction

Diagnostic

Value

Davies

Gibbs fixed-point residual
Generator trace residual

2.58797 10~ 14
1.17161 1016

Integrated trace error 2.62441071°
Hermiticity error 1.0929 10—
Minimum density eigenvalue —1.4980210~16
Gauss expectation residual 7.3310°1°
G3, D, N target-square residual 0
Matrix-action/integrator difference 1.01107 14
Smallest resolved decay gap 2.957951074
Gaussian KMS Thermostat Gibbs residual 2.0810°16

Gibbs residual including Hy
Weighted KMS residual
Spohn/first-law consistency error
Minimum Choi eigenvalue

1.83356 10~ 14
1.77204 1016
1.5335010~14
—4.2680510715

Modular KMS

Gibbs fixed-point residual
Weighted KMS residual
Residual with Ggyms omitted

4.2575210715
6.35426 1017
9.69110~*

Table B.2: Separate maxima or minima over sixteen Davies cases, sixteen Gaussian cases
and eight modular cases. Davies and Gaussian sets use 8 = 0,0.5, 2, 8; the modular set uses
B =0,0.125, each at both masses and source/vacuum roles. Negative eigenvalues shown are at
roundoff scale. These are tractable-system tests, not C2 finite-step CPTP or many-body mixing
bounds.

0.169788. Both are legitimate thermal fluctuations. The cold vacuum high-mass variance
—4.54747 x 10713 is numerical cancellation.

For numerical traceability, the standard errors rounded in Table V.1 are as follows.
At source high mass, 8 = 2, the energy and connectivity errors are 1.724 x 1075 and
2.874 x 107%; at source low mass, 8 = 8, they are 1.8695 x 10~* and 1.6297 x 1074,
The vacuum high-mass connectivity at 3 = 0.5 is (6.94774 4 0.50871) x 1077, and
at f = 2 it is (3.753538 + 0.000267) x 10~7. The vacuum low-mass 3 = 2 value is
0.000298377+0.000002691. Reporting these retained digits does not remove the systematic
qualifications.

B.5 Distinct Small-System Reference Calculations

The Davies star calculation, Gaussian KMS calculation and modular KMS calculation
are separate numerical references. Their inverse-temperature sets and residuals cannot be
pooled into a single C2 accuracy bound. Table B.2 retains their principal measurements.

The Davies physical star spaces have dimensions 10 and 12; retaining only G2, D, N
would instead give 40 and 32. Its tests use v = 0.02, ¢ = 0,0.25, 1,3 and a high-energy
initial eigenstate. At t = 3, energy changes range from —0.234 to —0.0556. All sixteen
cases have one stationary and one nondecaying mode. The original acceptance bounds are
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10710 for fixed-point, trace, Hermiticity, Gauss and positivity deviations and 10~® for the
matrix-action comparison. The resolved decay gap belongs to the star calculation alone.

The analytic two-level reference checks the sign of detailed balance, f = 0, cold-
state flow and v = 0. A degenerate four-level reference is covariant under rotations
within energy eigenspaces. A commuting contact dephases without energy flow and loses
uniqueness. A bare-fermion annihilation contact produces detectable N, D, G? leakage in a
space where leakage can occur. Density-matrix continuation reproduces the corresponding
uninterrupted star evolution; it is not evidence for C2 MCWF continuation.

The Gaussian reference has up to six numerically unresolved near-zero modes at cold
points. They are not established extra conservation laws and cannot be used to infer
rapid mixing. In the modular small-system reference, coherent-action errors at quadrature
orders 8, 16 and 32 are 7.8674 x 107%, 9.74328 x 10719 and 2.87132 x 10713, respectively.
This ladder is distinct from the C2 random-vector and ground-state comparisons below.

B.6 Stochastic Evolution, Replay and Error Separa-
tion
For the infinite-temperature Hermitian contact, one splitting step is
g iHsdt/2 =i 30 \TaSa AWa o —iHdt/2. AW, ~ N(0, dt). (B.8)

The ideal finite-step ensemble is a mixture of unitary channels and hence CPTP. This does
not prove time-step convergence or a finite-temperature target. Its earlier C2 closed control
has energy drift at most 3.20 x 107! and phase error at most 3.90 x 10716, Interrupted
continuation differs from the uninterrupted result by at most 1.504 x 1076 over 32 Brownian
draws. Coarse/fine differences 2.65-3.15 x 1075 lack a predefined physical-equivalence
margin and do not close a time-step error budget. These continuation tests belong to that
older random-unitary method, not to the finite-g MCWEF implementation.

The modular MCWF step described in Sec. V.2.6 uses one PCG64 uniform event
draw after checking the probability cap. At v = 0 it applies only the coherent physical-
Hamiltonian action and does not consume an event draw. A separate auxiliary NumPy
MT19937 stream is used by exponential-action norm estimation. First-step replay restores
the actual recorded pre-step state of both streams, not merely an initial seed. The four
replay differences are zero in the tested arithmetic; the source high/low and vacuum
high/low closed-control discrepancies are, respectively,

221 x 1071 444 x 107, 1.82x 107", 2.14 x 10716,

This establishes reproducibility of one bounded operation, not universal bitwise repro-
ducibility across numerical environments.

Each measured step uses 1,560 exponential-action calls, with a limit of 20,000 calls
and 600 s for the bounded calculation. All sampled branches are no-event branches. The
coherent contribution to the initial heat rate is of order 107! because the inputs are
energy eigenstates. For a general pure state it is

—i{[H,, Gxus]) = 2 Tm(H ), Grust))
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Measured calculation Wall time (s)  Peak GiB  CPU/wall
Gibbs references, § = 0.5 6.17-19.70  0.102-0.143  0.993-0.994
Gibbs references, 8 = 2,8 21.47-361.65 0.101-1.376 —
Complete first-step diagnostics 128.26-368.90 0.186-0.329 0.983-0.992
One MCWF step 36.90-109.35 — —

Table B.3: Reference estimation, complete diagnostic tasks and individual steps are different
workloads. Complete tasks include preparation, action refinement and replay. A dash denotes an
unreported quantity, not zero. The larger reference peak requires its 2 GiB allocation rather
than a 1 GiB assumption.

and need not vanish. The realized conditional energy changes can be of order 1079 even
though dt () from the unconditional generator is much larger. This difference is expected
from conditional sampling and cannot diagnose energy-balance failure by itself.

Small-system comparison with exact Liouvillian propagation gives local errors pro-
portional to dt? and fixed-time errors proportional to dt. It supports first-order weak
accuracy, not a C2 time-step ladder or an exact linear finite-step channel. The frozen
numerical development suite contains 125 tests; that count does not imply complete
physical validation.

Long-trajectory continuation additionally requires a stored physical state, time, Hamil-
tonian and bath specification, source sector, contact order and rates, both random streams,
integrity checks and an actual interrupted-versus- uninterrupted comparison. Measurement
must leave the state unchanged. Model error, state-transfer error, Gibbs sampling error,
filtered-action error, time-step error, trajectory-ensemble error, tensor truncation and
physical effect size are eight distinct layers. Passing one does not set the others to zero.

B.7 Memory and Measured Action Costs

A complex128 vector, density matrix and dense Liouvillian require, respectively, 16d;, 16d>
and 16d? bytes. For C2, density matrices alone require approximately 12.17 GB (11.33
GiB) in the source sector and 4.36 GB (4.06 GiB) in vacuum, before work buffers. Matrix-
free Liouvillian application avoids the d? operator, not the d? density state. Pure-state
trajectories avoid the latter but retain potentially expensive global filtered jumps.

The earlier C' = 1, 2 x 2 source block has d = 17,431, not either C2 dimension. Its closed
quench at t = 0,0.25,0.5 gives ground-state residual 1.55 x 10713, norm drift 1.27 x 1074,
energy drift 4.33 x 107! and variance drift 5.03 x 10713, Its sparse Hamiltonian has about
6.28 MB raw storage; a dense density matrix would take 4.86 GB and a dense Liouvillian
about 1.48 EB. These estimates motivate sparse methods without supplying a C' = 1
dissipative trajectory.

A direct Gaussian implementation with 25 contacts and sixteen jump and coherent
quadrature nodes would require 102,464 exponential calls for one coherent action. This is
a cost estimate, not a completed full C2 action. Earlier single-contact Gaussian timings
at # = 0.5, for eight and sixteen nodes, were 7.917 and 13.239 s in the low-mass source
sector, and 4.787 and 8.236 s in vacuum. Modular random-vector eight/sixteen-node
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comparisons took 12.94/25.59 s in the source sector and 6.11/12.50 s in vacuum, with
relative differences 0.00267 and 0.00268. These vectors differ from the eigenstate inputs of
the sixteen/thirty-two-node first-step measurements. The two sets do not form a common
refinement curve.

The measured near-single-core use supports parallelism over independent probes or
trajectories rather than assuming unmeasured within-action speedup. Long ensembles
require a measured multi-step throughput including observables and checkpoints. The
small first-step event probabilities also make rare-event resolution a separate cost. Memory
allowance and checkpoint overhead must accompany any extrapolation from these bounded
timings.

B.8 Spectral and Tensor-Network Alternatives

An energy-window approximation would require an omitted-state bound that the complete-
sector calculation does not need. Suppose r retained levels have known partition sum
Z, >0, and every omitted energy is certified to exceed F,. Then

Btail

BA:d_Te_IBE* Wiasg < —
tail ( S ) 3 tail > Zr +Btail7

16(0)| < 2[|O||wtan- (B.9)
At =0, the omitted weight is (ds —r)/ds. A few small Ritz residuals do not lower-bound
every omitted energy; agreement between two energy windows is not this certificate.
Transient dynamics additionally needs bounds on state projection and omitted jump
couplings. No such truncation is used for the twelve Gibbs estimates.

MPS trajectories can reduce state storage but must approximate global filtered jumps
and control truncation errors. Matrix-product density operators require independent
positivity checks. Locally purified representations preserve positivity by construction
while retaining bond and ancillary /Kraus truncation errors [40]. Purification-based finite-
temperature tensor-network calculations supply a related equilibrium method [18]. METTS
samples equilibrium states; it does not specify reservoir kinetics [38]. These are possible
extensions, not additional C2 results.

B.9 Ensemble Entropy and Response Design

For independent normalized, equally weighted trajectories, pn,,,; = Nt;alj Do e (W] is
positive with unit trace. Its nonzero eigenvalues equal those of the Gram matrix

(lv)

Crs = N
traj

This offers an entropy estimator without explicitly storing a d? density matrix, but finite-
ensemble bias and the overlap cost remain. For Ni,; > 2, an unbiased purity estimator

is
1

Trp? =
P Ntraj<Ntraj - 1)

> Kl . (B.10)

T#S
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Its negative logarithm is a biased estimator of second-Renyi entropy, not von Neumann
entropy. These are prospective estimators; no C2 entropy or relative-entropy time series is
available.

A physical response study fixes geometry, sectors, initial vectors, H(t), bath family,
contact normalization, rates, temperature, switch times and observation window. Nu-
merical controls specify a time-step ladder, quadrature/cutoff refinement, exponential
tolerances and any representation truncation. Stochastic controls specify independent
seed blocks, ensemble-size refinement and a genuine pairing rule. Primary observables,
temporal summaries, uncertainty procedure, physical-equivalence margin and lifetime per-
sistence criterion must be declared independently of the response being tested. Exploratory
checkpoint selection is identified as such rather than retrospectively labelled prospective.

The existing proposed sector tolerances are

max |(G(t)) — (G3(0)] < 1077,
max [(D,(1)) = dy| <107, max Var(D,) <107,
[(N(t)) — (N(0))| <1079, Var(N) < 1075, (B.11)

They accompany, rather than replace, the correct local Casimir targets. In a projected
representation the corresponding residuals can be kinematically zero, which is why ambient
operator checks remain necessary.

For a dynamically prepared input, the transfer compares norm loss, round trip, ambi-
ent /physical Hy action and initial observables. Its energy spread |[(Hy — (Hy))|| can be
physical and is not required to vanish as for an eigenstate. Any renormalization must retain
its pre-correction discrepancy. A matched closed continuation starts from the identical
checkpoint; successful conversion does not establish a producer’s physical breaking or
persistence mechanism.

The next controlled comparison requires a 8 = 0.125 equilibrium reference, multi-step
and sampled-jump tests, actual interrupted continuation, and independent short ensembles
with a matched closed control. Forcing a jump into a selected path is a diagnostic, not
unbiased sampling. Equilibrium accuracy, numerical dynamics, approach to equilibrium,
structural response and persistent lifetimes have distinct acceptance conditions. Several
initial states and a resolved time window are needed to characterize approach; measured
observables do not determine the entire density matrix. Gauge conservation does not
establish flux survival.

Independent reproduction should challenge sector swaps, omitted Gkys, reversed tem-
perature/rate conventions, altered contact normalization, missing or duplicated trajectories,
invalid random states, probability-cap violations and state-changing measurement. These
are requirements for future ensemble validation, not a claim that every adverse case has
already been tested. Positive response, controlled null response and statistically unresolved
response remain equally admissible scientific outcomes.



Appendix C

Wider-Patch Numerical Status

This appendix lists every recorded C4 and C8 optimization behind Sec. [11.1.4 and the bond
entropies of the stored states. The heavy-mass statuses are those of the registered support
campaign, whose final manifest (11 October 2026) keeps the overall verdict open: the C4
heavy-mass pair has no passing independent cross-check, and no light-mass endpoint was
selected. The intermediate masses were deferred in that registered scope; their values in
Sec. I11.1.4 are post hoc diagnostics.

Table C.1 separates three situations. At m = 4 the selected endpoints pass the final
sector criteria below their bond-dimension caps. At m = 3 and 2 the stored states pass
the sector criteria but sit at their caps, so they describe the stored approximants and are
used descriptively. At m < 1.5 no source state passes the sector criteria; the light-mass
source optimizations were still descending when they stopped, and no observable from
them enters the main text.

The bond entropies of Table C.2 were computed from the stored states by exact singular-
value decompositions of the orthogonalized matrix-product states, without truncation.
Rows with different caps are not comparable in their capped-bond counts, and an entropy
of a capped state is a property of the stored approximant only.
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Patch Sector =~ m Records (saved) X/cap AE, Sector bars Use

C4 source 4 4 (8) 773/800 6.8 x 10710 pass endpoint (Q)

C4 source 3 2 (1) 400/400 5.6 x 1071 pass descriptive

C4 source 2 8 (6) 600/600 7.2 x 1075 pass descriptive

C4 source 1.5 4 (0) - - - no saved state

C4 source 1 6 (1) 600/600 3.5x 1073 fail not used (bars)

C4 source 0.5 5 (1) 400/400 1.3 x 1072 fail open endpoint

C4 vacuum 4 4 (10) 381/800 3.6 x 107! pass endpoint (Q)

C4 vacuum 3 2 (1) 400/400 1.9 x 1071° pass descriptive

C4 vacuum 2 3 (1) 400/400 5.5 x 1071 pass descriptive

C4 vacuum 1.5 4 (1) 400/400 7.2 x 10710 pass not used (no source)
C4 vacuum 1 4 (2) 400/400 2.5 x 1076 fail not used (bars)

C4 vacuum 0.5 11 (9) 800/800 1.9 x 1075 fail open endpoint

C8 source 4 8 (7) 422/800 4.5x 10719 pass endpoint (B)

C8 source 2 4 (4) 600/600 1.6 x 10~ pass descriptive, no vacuum
C8 source 1 1(1) 600/600 2.1 x 1072 fail not used (bars)

C8 source 0.5 3 (1) 400/400 1.9 x10~* fail open endpoint

Cs8 vacuum 4 9 (7) 469/800 2.8 x 10712 pass endpoint (B)

C8 vacuum 0.5 5 (4) 400/400 2.6 x 1073 fail open endpoint

Table C.1: Numerical status of all recorded C4 and C8 optimizations (R =4, k = 0, g> = 2).
For the four heavy-mass targets the selected endpoint of the registered support campaign is
shown, otherwise the lowest-energy saved state. AFE, is the energy spread of the last four
completed sweeps; sector bars are the final particle-number and imbalance bars (means 1079,
variances 1078). Use in Sec. I11.1.4: endpoint (Q) or (B), selected endpoint with a single-state
quality pass or bounded numerical support; descriptive, quoted descriptively; open endpoint,
registered light-mass endpoint without a selected state; not used (bars), sector criteria fail; not
used (no source), no source state at that mass. A state at its bond-dimension cap describes only
the stored approximant.
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Patch  Sector m  State x/cap Smax DBonds at cap  wWmin at Smax
C4 source 4 S038 773/800 1.37 0/38 1x10713
C4 source 3 S023 400/400 1.63 7/38 1x10~11
C4 source 2 S021 800/800 2.14 2/38 5x 10711
C4 source 2 S022 600/600 2.14 4/38 1x107°
C4 source 1 S010 600/600  3.46 9/38 2 x 10712
C4 source 0.5 S000 400/400  3.74 12/38 2 x 10710
C4 vacuum 4 S076 381/800 0.91 0/38 6 x 10710
C4 vacuum 2 S058 400/400 1.65 8/38 2 x 1071
C4 vacuum 0.5 S046  800/800  2.63 4/38 4 x 10712
C4 vacuum 0.5 S049 800/800  2.64 2/38 1x 10712
C8 source 4 S092 422/800  1.37 0/66 9x 10713
C8 source 2 S083 600/600  2.06 3/66 2 x 1071
C8 source 1 S080 600/600  2.83 7/66 9 x 10~
C8 source 0.5 S077 400/400 2.82 29/66 11079
C8 vacuum 4 S106 469/800 0.91 0/66 1x 10~
C8 vacuum 0.5 S093  400/400  2.69 21/66 3 x 10710

Table C.2: Largest bond entanglement entropy Smax of stored C4 and C8 states in the registered
tensor ordering, the number of bonds whose Schmidt rank equals the bond-dimension cap, and the
smallest retained Schmidt weight on the bond of Spax. The entropies include the gauge-constraint
contribution and are a representation cost of this ordering, not a physical entanglement measure;
for capped states they describe only the stored approximant. Caps differ between rows, so the
capped-bond counts are not comparable across rows.
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