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Quantum entanglement in the non-Hermitian frustrated triangular lattice
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In this work, we considered non-Hermitian XY and XX frustrated triangular quasi-one-
dimensional isotropic dimerized quantum spin chains with the transverse complex field. We trans-
formed the system to the spinless fermionic system by using the fermionization transform of Jordan-
Wigner and then used the Fourier transform and the Bogoliubov transformation to diagonalize the
Hamiltonian. We analytically obtained energy eigenvalues of transformed Hamiltonians. Thus, we
have shown that the non-Hermitian frustrated dimerized triangle Heisenberg spin system can be
solved exactly with this method. Furthermore, we have shown that, for quantum entanglement,
both systems go to the classical limit for high temperature and low magnetic field. Later on, we
computed the entanglement entropy and the ground state entropy by using energy eigenvalues for
the XY and XX Hamiltonians.
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I. INTRODUCTION

In recent years non-Hermitian physics [1] has attracted wide research interests. A wide variety of classical and
quantum systems described by non-Hermitian matrices or operators together with their physical origins of non-
Hermiticity such as photonic systems [2, 3], mechanics [4], electrical circuits [5], open systems [6, 7], optic systems
[8, 9], electron-electron interaction [10, 11] and etc. The reader can find numerous articles and very important review
articles on non-Hermitian physics in the literature (please see Refs. [12-16] and references in there).

Motivated by the Yang-Lee model, von Gehlen first analyzed the Ising quantum spin chain in the presence of a
magnetic field in the z-direction as well as a longitudinal imaginary field to carry out critical and off-critical conformal
properties of these systems [17]. In a similar study, Castro-Alvaredo and Fring discussed the magnetic properties of
the non-Hermitian Ising quantum spin chain [18]. Alcaraz et al studied surface exponents of integrable XXZ spin
chains with imaginary boundary magnetic fields [19]. Additionally, Korff studied XX spin-chain with non-Hermitian
diagonal boundary conditions and showed that the system behaves as quasi-Hermitian for special values of boundary
parameters [20]. Similarly, the non-Hermitian version of the quantum spin chain has also been studied in previous
works [21-26]. For example, Zhang and Song studied the non-Hermitian version of the one-dimensional anisotropic
XY model with intrinsic rotation-time reversal symmetry to discuss quantum phase transition in these systems [21].
They also analyzed the geometric phase and phase diagram for the non-Hermitian quantum XY model [22]. Li et al
explored the quantum phase transition in non-Hermitian P7T -symmetric Ising model, which is driven by a staggered
complex transverse field [23]. In a similar study, Li and Song studied the finite-temperature quantum criticality in a
non-Hermitian P7-symmetric Ising model [24]. Additionally, Li et al analyzed chern number in the one-dimensional
non-Hermitian Ising model with spatially modulated real and complex fields [25]. Bi et al carried out the phase
diagram and band structure of the non-Hermitian ring frustrated XY ring spin model [26].

Recently, the quantum entanglement in non-Hermitian systems has also become an interesting field. One can see
that some pioneering work has been done on entanglement characteristics of non-Hermitian fermionic systems, such as
the non-Hermitian topology and the quantum quenching in non-Hermitian Hamiltonians. For instance; Herviou et al
discussed the entanglement spectrum and symmetries in non-Hermitian fermionic non-interacting models [27]. Chang
et al analyzed the entanglement spectrum and the entropy of free-fermion systems without the Hermiticity by use of
correlation matrix and overlap matrix in biorthogonal basis [28]. Bécsi and Déra investigated a quantum quench from
a critical to an exceptional point [29]. However, there are few studies on entanglement properties in non-Hermitian
spin systems. Recently, Turkeshi and Schiré investigated entanglement and correlation spreading in non-Hermitian
anisotropic XY model spin chains with a complex transverse field [30]. Li et al carried out the ground-state and
thermal entanglements in a non-Hermitian XY system with real and imaginary magnetic fields [31].
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In this paper, we will consider non-Hermitian XY and XX frustrated triangular quasi-one-dimensional isotropic
and anisotropic dimerized quantum spin chains with the transverse complex field to discuss the entanglement in each
system via using the Jordan-Wigner transformation to fermionize systems, Fourier and Bogoliubov transformations
to diagonalize the Hamiltonian of the given system and finally computing entanglement entropy properties for each
system.

This paper is organized as follows. In Sec. II, we present the non-Hermitian model and Hamiltonians with its
exact solutions. The schematic structures of systems are illustrated in Sec. III. We reformulated the Hamiltonian in
terms of spinless fermionic particles using the Jordan-Wigner transformation then we diagonalized the Hamiltonian
by using the Fourier and the Bogolibov transformations. In Section IV, we computed the entanglement entropy and
ground state entropy of the model by using the energy eigenvalues of each system. Finally, we give a conclusion and
discussion in the last section.

II. THE MODEL AND HAMILTONIAN

The concept of frustration for spin systems was first introduced in the context of spin glass systems by Toulouse
[32]. The existence of such interactions was first observed experimentally by Mydosh [33]. Frustrated spin systems
emerge by combining spins with ferromagnetic and anti-ferromagnetic interactions into a new lattice. The best way
to describe frustration is to show it on a square or triangular spin-lattice. Square and triangular lattice cells are given
in Fig.1(a) and (b), respectively. Let the interaction between spin 1 and spin 2 on the square plate and the interaction
between spin 1 and spin 3 be given as anti-ferromagnetic. Therefore, in the square cell, coupling parameters are
chosen as Jio > 0 and Ji3 > 0. Now let’s assume that the spin 2 and 3 simultaneously force the spin 4 into the
anti-ferromagnetic interaction. However, spin 4 will not be able to satisfy this condition at the same time. In such
cases, if the system becomes stuck in one of these conditions below a critical temperature, the system will have a
frozen disorder. Thus, the system becomes frustrated. As a result, let’s assume that the system is trapped as in
Fig.1(a). In this case it will be Joy > 0 and J34 < 0. In this schema, the energy between spins 3 and 4 will be
degenerate. On the other hand, the same situation is valid for spin 3 in the triangle cell. In this example, let spin 1
and spin 2 have anti-ferromagnetic interactions. Let’s assume that spin 1 and spin 2 try to have an anti-ferromagnetic
interaction with spin 3 at the same time. Similarly, this condition will not be met at the same time. Below the
critical temperature, the system will be frozen and disordered, and the energy of one of these bonds will degenerate
and the system will be frustrated. In this example, we assume that the bond between spin 2 and 3 degenerates and
has ferromagnetic interaction as Joz < 0.
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FIG. 1. Schematic representation of the quasi-one-dimensional frustrated antiferromagnetic spin chain.

In such geometries, if the product of signs of the interaction bond between spins is negative, the frustration condition
is satisfied:

Sign=[[ Jiu<0 (1)

(ij) € loop

as seen in Fig.1(a) and (b). Frustrated systems are very interesting systems in terms of physics. These systems
cause the emergence of a magnetic phase known as spin-glass. Many materials exhibit spin glass properties and their
magnetic properties have been studied in detail (see detailed review [34] and two nice books [35, 36]).

In this study, as we mentioned in the introduction part of the article, we will consider the fully frustrated quasi-one
dimensional dimerized XY Heisenberg spin system whose schematic picture is given in Fig.2(a). Such spin systems
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FIG. 2. The schematic representation of the quasi-one-dimensional fully frustrated dimerized spin chain.

are known as zig-zag ladder or dimerized spin systems. In this schematic picture, J; represents anti-ferromagnetic
interactions and Jo represents ferromagnetic interactions. Therefore, J; > 0 is chosen for the anti-ferromagnetic
interaction and Jo < 0 for the ferromagnetic interaction. Each triangle cell in Fig.2(a) satisfies the condition given in
Eq.(1). As can be seen from the figure, the bonds shown in blue are degenerate. Therefore, the system ground state
energy is degenerate. Here we will assume that an imaginary external magnetic field is applied to this system. As it
is known, the imaginer magnetic field will transform the Hamiltonian of the spin system into a non-Hermitian P7T
symmetric form. This triangle dimerized system can be reduced to a one-dimensional discrete lattice, as can be seen
in Fig.2(b). In this case, it becomes easier to write the Hamiltonian of the system.

The anisotropic-frustrated XY non-Hermitian Hamiltonian is given by

H=J1) {ofof+ojolf+Je Y {lofof,+olollor} (2)
<j> <<G>>
+v Z {ofo7, — U;’a;ﬂrl} +1i Z {a}”a;ﬂrl + 0-;/0-?-1-1}
<G> <>

where we set Ji; > 0 and Jy, > 0 while Jy; < 0 and Jo, < 0 for the frustration condition. Eq.(??) has not
only frustrated but also anisotropic-frustrated form. This equation reduces to the XX isotropic-frustrated form for
i— le >0 and Jo, = ng < 0:

Hxx = .. (3)

where o' (v = x,y, z) components are Pauli spin-1/2 spin matrices, L is the size of the system. As we stated above,
J1 represents the antiferromagnetic interaction and J, represents the ferromagnetic interaction. In the third term
0 represents the magnitude of the imaginary magnetic field. Here < . > denotes nearest neighbor, and << . >>

indicates next-nearest neighbour interactions.



III. REFORMULATION OF THE HAMILTONIAN

Before applying the Jordan-Wigner transformation we can write the Hamiltonian in Eq.(??) in a special form

J _
H="7 5 2 oo oy ofial + 2 Z {loj ojia+ 05 070l05 1} (4)
<j> <<j>>
Y — g - -
D) Y Aofofatoioat+ 5 Y {ofof—0oio5)
<j> <j>

where Pauli spin operators are neither bosonic nor fermionic. To obtain the entanglement entropy we will reformulate
the Hamiltonian in Eq.(??) in this section. Therefore, by using the Jordan-Wigner [37] transformation, we will
represent Pauli spin matrices in terms of fermionic operators. Jordan-Wigner transformations of the Pauli spin can
be given as

j—1
a;f = c} exp l—iﬂ' Z c}cl] (5)
I=1

j—1
o; =exp [ZTFZ cjcl] ¢; (6)
=1

o; = 20}0]- -1 (7)

where c;r-

relations {¢;,¢;} = 0 and {¢;, c;} = 1. The exponential terms in Egs. (5) and (6) can be written as

ve ¢; are fermionic creation and annihilation operators. These operators satisfy standard anti-commutation

j—1

= exp lchl cl] = H 1-— 2cchl) (8)

=1

which satisfy @7 = 1. In this case, the Hamiltonian in Eq.(??) becomes

J1 J2
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the last term represents the contribution of the boundary condition. N is called the parity operator. Eigenvalues of N

are integer, and eigenvalues of the operator ( —I)N can only take on two distinct values, +1 and —1. After employing
boundary conditions into Eq.(??) and combining some related terms, we obtain

J1 JQ
H = 5 Z {C}Cj.’.l + ¢jc g+1} + o5 Z {C}Cj-f-z + Cj¢}+2} (10)
<j> <<G>>
Y -+ 1) Tt Y= 1)
+ Z T(Cjcj+1) + T(Cjcj+l)
<j>

Now, we are ready to diagonalize the Hamiltonian in Eq.(??). The first step is to go to the Fourier space by defining
a new set of operators ¢; according to

= > (1)



In the case of H; we should have cr, 11 = ¢; (periodic bc), so we must have eI = _1 however, we have have et*l = 1
for cp+1 = ¢1 (periodic be.). We can write
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for the periodic bc. These conditions satisfy usual Fourier orthogonality relations. Now we define 'YTH = a3 and

=6 —

5 s terms. After the Fourier transformation, we get Fourier doniisiimii;

1 _ _ . . _ _
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At this point, one can see that the Hamiltonian is not yet diagonal, which involves pairs (k, —k) of fermions. Therefore,
to diagonalize this Hamiltonian we will use the Bogoluibov transformation [38-42]. Before doing so, we can do some
interventions over this Hamiltonian (??) and show the symmetry more clearly. To do this, we expand the origin of
the Brillouin zone and rewrite the Hamiltonian (??) via combining the & and —k terms and summing over one half
of the Brillouin zone, 0 < k < w. As a result, we can write 1. Brillouin Zone genigletmesi;

3 Z {(Jl(e’k + e ) 4 T2k 4 6_2“6)) (c};ck + ctkc,k) + (ay (e — e_Zk)clcik + (e — e_’k)ckc,k)} (15)
k

If we insert trigonometric functions

Z {(Jl cosk + Ja cos 2k) (clck + cikc_k) +isink (041CLCLC + OéQCkC_k)} (16)
=

This Hamiltonian can be written in a more compact form as
H=.. (17)

Now, to diagonalize the matrix in Eq.(17), we can apply the Bogoluibov transformation

e
Nk = UkCL L2y = Unex (18)
o
n}; = UpC_f — iy [ %ukcz (19)
a9

where uy, = cos(f;) and vy = sin(f,) which ensures the |ug|? + |vg|? = 1 relation.
O = ... (20)

If we rewrite the uy and vy

| sin k| /a1as
uy, = (21)
V/2ek(ek + J1 cosk + J cos 2k)

Jy cosk + Jy cos 2k
v, = sgn(sin k;)\/g’f + Jicosk + Ja cos (22)
25k
Here we apply some interventions to diagonalize the Hamiltonian
Hie = ... (23)

This result can be written in a more formal form as

_ it (€w O
’H;C—Uk< g _%) Us, (24)
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Finally, the Hamiltonian (17) can be diagonalized and which will then become
= 1
Hay = 3 e(B)nfm + 3) (28)
k=—m
where
Er = \/(J1 cosk 4 Jo cos 2k)2 + (o ap sin? k) (29)

is energy eigenvalues of the frustrated XY Hamiltonian in Eq.(??). For the Ji, = Ji, = J1 > 0 and Jap = Joy = J2 <
0, this result reduces to

E(k) = ... (30)

refers to energy eigenvalues of the frustrated XX Hamiltonian in Eq.(3).

Finally, in this section, we reformulated the Hamiltonian for frustrated dimerized systems given in Fig.2 and the
corresponding Hamiltonian in Eq.(??). We constructed a diagonalized Hamiltonian for Eq.(??) and we obtained
energy eigenvalues of the system. Now we can discuss the entanglement phenomena of each system in the next
section.

IV. ENTANGLEMENT ENTROPIES AND NUMERICAL RESULTS

In this section, firstly, by using two different methods, we will compute the thermal entanglement entropy and
the ground state entanglement entropy of the non-hermitian XY and XX frustrated dimerized spin systems given in
Egs. (??) and (3).

A. The Thermal Entanglement Entropy

Now, we are going to examine the entanglement entropy of non-Hermitian XX and XY systems for various external
magnetic fields. Therefore, to discuss the entanglement entropy we need to compute the free energy of systems. The
partition function for this system can be written as

Z(T,N)=Y e " (31)
k=0
or, using the Hamiltonian in Eq.(28), the partition function can be represented in terms of energy eigenvalues as
Z(T,N) =3 e P % ex(nine—3) (32)
k=0
where ¢j, denotes energy eigenvalues given in Eq.(??). This function can be reorganized as
Z(T.N) = —Ber(mine—3) ~ Bex )
(T,N) ZHe ke 3 HZCOSh( 5 ) (33)
ko k k
By using the partition function, the free energy[43] per site is given by
1 log Z (T, N 1 log [T, 2 cosh( 25t
FI) =L gy 0Z@N) 1 losll,2coh() (34)
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Here we can use the Fermi-Dirac distribution to express the following quantities.

f(T)=-= lim — Zlog 2 cosh(—=

B 1
k= Bk 11
Thus, the free energy per site becomes;
T s —Be
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(35)

(36)

(37)

Now, we can extract entanglement phenomena in terms of the free energy. Before doing so let us take the derivative

of the Fermi-Dirac distribution
Bnk 1
or )
After a little bit of algebra, the thermal entropy can be given as;

S(T) = — (g;) - —% /_: dk(log ny, + %’“(1 — ).

= nk(l — Nk
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FIG. 3. The thermal entropy versus the temperature for various  and coupling constant parameters.

(38)

(39)

Now, we will discuss the temperature dependence of the thermal entanglement entropy behavior for the various
coupling parameters i.e., frustrated XX and XY systems in Egs. (??) and (3). In Fig.3, thermal entropy numerical

solutions are given.



In Fig.3(a) spin coupling parameters Ji, = 0, Ji;, = 0 and Jo, = 0, Jo, = 0 were chosen. In this case, only the
contribution comes from the term in which the external magnetic field is located. Fig.3(a) while selected interaction
parameters are fixed, numerical solutions are shown according to different § parameters. As can be seen, when § = 0,
the thermal entropy value is around 0.7. This solution is independent of the temperature and corresponds to the In 2
solution. On the other hand, for small values of 6 (§ = 3 and § = 5), the entropy increases faster in small temperature
ranges and saturates at 0.7, while for large values of § ( § = 10) increases more slowly and becomes saturated.

In Fig.3(b) spin coupling parameters Ji, = 1, Ji, = 1 and Jo, = —1, Jo, = —1 were chosen. In this case, the
system behaves like a frustrated XX Hamiltonian. Fig.3(b) While selected interaction parameters are fixed, numerical
solutions for different § parameters are shown. As can be seen from the figure, for small values of § (6 =0, 6 = 3 and
d = 5), the entropy increases faster in small temperature ranges and saturates at 0.7, while § For large values of delta
(6 = 10), it increases more slowly and saturates.

In Fig.3(c) spin coupling parameters Ji, = 3, Jiy = 5 and Jo, = —2, Jyy, = —4 were chosen. In this case, the
system behaves like a frustrated XY Hamiltonian. Fig.3(c) While selected interaction parameters are fixed, numerical
solutions are shown for different § parameters. As can be seen from the figure, the entropy increases slowly for small
values of § (6§ = 0, 6 = 3 and 6 = 5) in small temperature ranges and reaches 0.7 for high values of T. While it
saturates, for larger values of § (§ = 10) it saturates more slowly. It can be seen from Fig.3(c) that for this parameter
selection, the entropy of § =0, § = 3 and 6 = 5 takes similar values.

In Fig.3(d) spin coupling parameters Ji; = 0.5, Ji, = 1.5 and Jo, = —2, Joy, = —1 were chosen. In this case,
the system again behaves like the frustrated XY Hamiltonian. Fig3(d) While the selected interaction parameters are
fixed, numerical solutions are shown for different § parameters. As can be seen from the figure, the entropy increases
slowly for small values of 6 (§ =0, § = 3 and J = 5) in small temperature ranges and reaches 0.7 for high values of T
While it saturates, for larger values of § (0 = 10) it saturates more slowly. Again, it can be seen from Fig.3(d) that
entropy values for § =0, § = 3, and § = 5 are close to each other.

B. The Ground State Quantum Entanglement

Now, we will investigate the ground state quantum entanglement using the generalized Gibbs ensemble approxima-
tion [44-48]. This method allows us to compute the ground state quantum entanglement. According to the method,
the system is quenched to the ground state, later, the entanglement entropy is computed based on a two-point
correlation function.

The ground-state reduced density matrix in Refs. [44-48] is described as

p= (=D e (40)

where ¢, represents the given eigenvalue of our fermionic lattice in Eq.(?7?) and we can define & as & = 77;277k which
holds the condition of;

Trléep] = (&) = —a% InZ (41)

We can call the partition function Z in the form of;

Z = Tr[exp(— Z&cfk H Z exp(—ex&k) H(l + exp(—¢x)) (42)
k ng= =0
Thus, if we rewrite our &g;
1
k) —
(&) = 5. Zln (L+e) = —— (43)

With the help of this information, we can produce the entanglement entropy by using the von Neumann definition
[49-51].

Syn = —Tr(plnp) (44)
S (; expl~ Y exéi In( 5 expl- Zekm)) (45)

k k
-y [_5k 3;22 i z} (46)

k



If we insert the definition of Z, we get the final form of the von Neumann entropy as;

N—-1 N-1
Svw == 3 | I +e)] = X b (-6l -6 (1)
NG ——————
0.62- — Hux= J1x=1, Jiy=1, Jay==1, Jp=—1
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FIG. 4. The ground state von Neumann quantum entanglement entropy for various coupling constant values.

In this section, considering the von Neumann formalism, we examined the change of the entanglement entropy
depending on the applied external field for non-Hermitian XY, and XX systems. Obtained numerical results are
presented in detail in Fig.4. As seen from Fig.4, for example; firstly, we chose spin coupling parameters Jy, = 0,
Jiy = 0 and Jy, = 0, Jo, = 0. The solution for these parameters is given by the red curve. When these parameters
are chosen in this way, we obtain the behavior of only the term in which the magnetic field is applied. As can be seen,
the curve decreases smoothly starting from 0.7 for § = 0. However, as  increases, the von Neumann entanglement
goes to its limit value. The limit value for each curve changes according to their chosen parameters (in all cases they
are over close to zero). Secondly, we chose Ji, =1, Ji, =1 and Jo, = —1, Jp, = —1. For these coupling parameter
values, our system turns into the XX spin Hamiltonian in Eq.(3). These parameter values ensure that the XX system
is both isotropic and frustrated. The corresponding von Neumann entanglement is given by the blue curve. The
maximum value of this value for § = 0 is around 4.5. Similarly, as § increases, the entanglement value quickly goes
to zero. Thirdly, we chose spin interaction parameters Ji, = 3, Jiy = 5 and Jy, = =2, Jyy, = —4. This selection of
the system leads to the Hamiltonian given in Eq.(??). These parameter values ensure that the XY system is both
anisotropic and frustrated. This solution is given by the purple curve. As can be seen from the figure, for these values
of the parameter, the von Neumann entanglement value at the beginning of the XY system is around 0.1. In other
words, for this parameter value, the entanglement first increases steadily to very close to 0.1 until § is approximately
0.35, and then slowly decreases vertically to its limit value. However, for the selection of different parameter values,
for example, Ji, = 0.5, J1, = 1.5 and Jo, = —2, Jo, = —4, the system still is an anisotropic frustrated XY system.
However, as can be seen from the green curve for these values, the entanglement entropy value is above 0.3 for § = 0,
and with the slight increase in the magnetic value, it first increases slightly and then decreases smoothly and goes to
its limit value. This shows us that the choice of parameter values affects the entanglement in both systems, that is, in
both XX and XY frustrated spin dimerized spin systems. However, in all cases, regardless of the choice of parameter
values, the quantum entanglement entropy starts from a positive value for § = 0 and quantum entanglement very
almost disappears as ¢ increases. This is an expected situation. While the external magnetic field is zero the two-spin
Bell entanglement is maximum, the entanglement disappears with the increase of the magnetic field. We can say that
a similar situation applies to the Hamiltonians we chose.

V. CONCLUSION

In this work, we considered a non-Hermitian XY and XX frustrated triangular quasi-one-dimensional isotropic
dimerized quantum spin chain with the transverse complex field. We transformed this system into a spinless fermionic
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system by using the Jordan-Wigner transformation. Additionally, We applied the Fourier and the Bogoliubov trans-
formations to diagonalize the fermionic, frustrated non-Hermitian XY Hamiltonian. As a result, we obtained energy
eigenvalues of the transformed Hamiltonian for non-Hermitian XY and XX Hamiltonians. Thus, we have shown that
the non-Hermitian frustrated dimerized triangle Heisenberg spin system can be solved exactly with this method.

Furthermore, using two different methods, we computed the thermal entanglement entropy and the ground state
quantum entanglement entropy for each non-Hermitian system. Firstly, we obtained the behavior of the entanglement
entropy based on the free energy of the system. We see that two different methods produce related results at some
points. For example; the entanglement entropy value for § = 0 is the same as the value of the thermal entropy
for higher temperature values which satisfies the classical limit condition In2. Secondly, we obtained the ground
state quantum entanglement in terms of the von Neumann entropy based on stationary state conditions held by the
Gibbs ensemble approximation [49-51] by using the long time limit which imposes the general behavior of the system
is independent of thermal variables. In this way, we rescued our reduced density matrix from thermalization and
were able to write it without the dependence on thermal variables. As a result, we have shown that the quantum
entanglement for both thermodynamic and von Neumann formalism reaches the classical limit condition for high
temperature and low magnetic field respectively for each non-Hermitian XY and XX Hamiltonians.
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