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Abstract

In this paper, we consider positive oscillator-shaped well potential and set a Szilard-like
quantum heat engine based on energy level degeneracy. By using position-dependent
energy eigenvalues of the oscillator-shaped well, we compute extracted work and efficiency
based on Stirling-like thermodynamical cycle. We obtain numerical results for physical
quantities and discuss work and efficiency dependence of angular frequency, well width,
and temperature.
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1 Introduction

The notion of Maxwell’s demon has played a vital role in the understanding of ther-
modynamics, information and computing. Maxwell contemplated a Gedanken experi-
ment where he discussed a possible violation of the second law of thermodynamics [1].
The first objection to Maxwell’s gedanken experiment came from Szilard in 1929 [2].
He investigated Maxwell’s idea with an imaginary device known as the Szilard engine
which consists of a gas molecule inside an enclosed box. A thin and frictionless bar-
rier is inserted in the middle of box. A demon controls the barrier and lets the parti-
cles move from one part to another part of the box. Szilard showed that the second
law of thermodynamics is valid. However, measurement of the particle position gives
rise to entropy decrease in an amount of kzIn2. In order to explain the increase of
entropy, Launder proposed an erase principle which states that the erasure or reset of
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the demon’s memory cost minimum energy in an amount of kz7 In2 [3]. Hence, it pre-
vents to decrease in the entropy for each measurement, and the total entropy of system
increases[3—6]. Using a single colloidal particle, Landauer’s principle was tested experi-
mentally in Ref. [7]. In Ref. [8], it was experimentally shown that the required work to
erase the memory is nearly kT In 2 for a single electron engine. Moreover, many experi-
mental studies revealed the Szilard engine producing positive work [8—13].

On the other hand, experimental progressions in quantum physics bring thermody-
namics to smaller scales [14, 15]. For example, quantum heat engines are the micro-
scopic generalization of the classical heat engines which convert the heat into work
according to the laws of quantum statistical mechanics. In contrast to classical heat
engines, quantum heat engines are modeled as systems having discrete energy lev-
els. The first quantum heat engine was proposed as a three-level maser [16]. Diverse
classical heat engines such as Otto, Carnot, Stirling, Brayton and Diesel were gener-
alized to quantum case [17-28]. Interestingly, quantum heat engines beyond the Car-
not efficiency have been proposed without violating the second law of thermodynamics
[29-36]. Quantum heat engine models were also proposed for various working medium
such as multilevel quantum systems [37-39], particle in a box [40] and harmonic oscil-
lator [41-44]. Kim et al. firstly proposed quantum Szilard engine where a thin barrier
is inserted and removed in the middle of the box [45]. Then, it has been shown that
positive work and efficiency can be obtained in the studies devoted to quantum Szilard
engines [45-50].

Another interesting aspect of quantum heat engines is the level of degeneracy. Using
level degeneracy, it is possible to obtain more work and efficiency than the nondegeneracy
case. For instance, Mehta and Johal considered a quantum Otto heat engine with an inter-
acting two-level system with degeneracy [51]. They found that the degeneracy case is more
efficient than the nondegeneracy case. Based on the level degeneracy, the quantum Szilard
engine was studied for infinite well potential by Thomas et al. [52]. They found the work
and efficiency depend on the width of well. In the low-temperature limit, they showed that
efficiency approaches the Carnot limit. Based on Ref. [52], quantum Szilard heat engines
were studied for harmonic oscillator potential [53, 54], fractional power-law potential and
fractional dynamics [55, 56], identical particles [57].

It is also interesting to extend the study of Ref. [52] under the different potentials. More
recently, the authors have studied two exact solutions of non-rectangular quantum well,
namely the oscillator-shaped well potential in Ref. [58]. It is well known that there are
not any solutions of Schrodinger equations for the coupling case of harmonic oscillators
and infinite well problems. However, an exact solution is possible under the assumption
of position-dependent mass, i.e., if the mass of the quantum system varies with position
[59-70]. Indeed, the position-dependent mass plays a very important role in many physical
systems such as semiconductors [71], superlattices [72], materials of non-uniform chemi-
cal composition [73], heterostructures [74], and abrupt heterojunctions [75]. It would be
interesting to examine the heat engines in oscillator-shaped quantum well systems since
position dependent mass systems have a wide field of applications. Moreover, energy levels
depend on both angular frequency and well boundaries [58]. Therefore, based on these
motivations, we would like to handle the quantum Szilard engine for oscillator-shaped
quantum well potential.

The paper is organized as follows: In the next section, we briefly mention the quantum
Szilard engine based on level degeneracy. Then, we compute the work and efficiency for
two energy levels of an oscillator-shaped well. Finally, we give our results and a brief dis-
cussion in the last section.
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2 Stirling-like Cycle

A Stirling cycle includes four successive paces of isothermal and isochoric processes [52]. In
Fig. 1, we present the dynamics of a Stirling cycle.

Stage 1: We begin to consider box A with a single particle in a heat bath at hot temperature
T,,. During the isothermal process AB, a thin barrier is quasistatically inserted in the middle of
the box, thus the system remains in equilibrium with a hot heat bath at the same temperature
T,

Stage 2: Then, box B behaves like double-well potentials. In the isochoric process BC, the
system connects the cold heat bath at temperature 7.

Stage 3: Next, the thin barrier is quasistatically removed in the isothermal process CD,
thus the system is in thermal equilibrium with a cold heat bath at temperature 7, and box D
behaves like single well potential again.

Stage 4: Finally, the system is connected to hot heat bath at temperature 7),. It undergoes
heat absorption in the isochoric process DA and is completed.

The corresponding partition functions of boxes A and D are given by

Zyp = 2 e E, (1)
n=0
where £, = 4 E, is the energy level of the system, and //c denotes the hot and cold,

kgThye
respectively. On the other hand, the partition functions of boxes B and C are given by

Zyc = T2 2e Pl )

where E/ is the degenerate energy level and the prefactor 2 in the above equation is written
due to the insertion of the barrier.

With the help of the thermodynamic relation U = — 9z

9p
for all stages. For the isothermal process AB, heat exchange is given by

, one can obtain the heat exchanges

Oug=Upg—Uy + kT, InZy — kT, InZ,, 3)

where U, and Uj correspond to internal energies of the boxes A and B. For the isothermal
process CD, the heat exchange is given by

Op=Up—Ur+kgT.InZp — kyT . InZ, 4)
Fig. 1 Schematic picture of the Th Th
Szilard-like quantum heat engine. AB
The systems A and B at hot tem- A Q — * ’ B

perature 7}, and systems C and D
at the cold temperature 7,

DAT lBC

Te Te
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where U and Uy, are the internal energies of the boxes C and D. In contrast to the classical
Szilard heat engine, change in internal energy does not vanish since energy levels change
due to barrier insertion in a quasistatic manner. For the isochoric processes BC and DA, the
corresponding heat exchanges are given by

Opc =Uc = Up, 5)

Ops = Uy = Up, (6)
respectively. The total work obtained from the cycle is given
Zp Zc
Wior = Qap + Qe + Qcp + Opa = kT, In 70 kgT, In 7 @)
A D

Finally, we can define the efficiency of cycle as follows:

Wtot _ QBC + QCD
=1 . (8)
qupp QDA + QAB

}1:

Here, by using (7) and (8) we will discuss work and efficiency, respectively.

3 Positive Oscillator-shaped Well Potential

Before delving into computations we take a quick glimpse at Ref. [58]. The authors studied the
solutions of position dependent mass Schrédinger equation for the harmonic oscillator-shaped
well potential in Ref. [58]. They found two solutions. In order to obtain the solutions, they
replaced constant particle mass m with position dependent mass M(x). Moreover, the replace-
ment of non-relativistic momentum operator and m leads to following substitutions [76]

n d nd 1 d

Tamaed T2 M) dx ®)

Employing the (9) into Schrodinger equation yields [58]

n 42 M d
— = - = =F
M) A + > WP I + V() |w(x) = Ey(x), (10)

where prime denotes the derivative with respect to x. This equation can be solved analyti-
cally if one properly defines the potential V(x) and M(x).

3.1 Semi-infinite Quantum Well Case
First, we consider the system that is confined from the right side at a position x = a > 0 with
an infinitely high wall. Choosing V(x) = %M(x)cuzx2 and M(x) = % yields the nth energy

levels as follows [58]:

E, = hco(n + %) + 2mad, (1)
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where w is the angular frequency. From the above equation and (1), the partition functions
Z(A) and Z(D) of the particle in boxes A and D are given by

2y = e e cen( =1
‘A/D — ze csc ZkBTh/c . (12)

The corresponding internal energies U, and U}, are given by

1 4a’me hw
Uyp==h + coth ,
o= e v () @
where we use the thermodynamic relations U/, = —mﬂz—’”". On the other hand, degenerate
hfc

energy levels for the boxes C and D are given by
E = hw<2n + %) +2mae’a’. (14)

For the degenerate energy levels, the partition functions Z(B) and Z(C) of boxes B and C

are given by
w(h—4a® mw) ho
Zyic = e ol [coth < -1]. 15
B/C kBTh/C ( )

Thus, the internal energies of boxes B and C are

2
Up/c = l7‘1@)[462}1’"@ + 2 coth < ho > +1

2 Blhy/c , (16)

respectively. Finally, we get exchanged heats for all stages form (3)-(6)
0., = ;%w[z;zih ln<e&2+1)+tanh<2/?:;h> +1], (17)
QBczhw[coth<%>—coth<%>], (18)
QCD=7‘7“)[2];I;T" 1n<ek‘?%'2+1>—tanh<2:§c>—1], (19)
Ops = %hw [coth (2/?:;}1 ) — coth <2/2:;“C )] . (20)

Using (7) and (8), we get total work and efficiency

ha
1 + ekt 2
(2 Y2
el + 1
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Fig.2 Dimensionless work
versus angular frequency. The
dashed horizontal line cor-
responds to the classical limit.
We take m = 9.11 x 1073 kg,
T,=2KandT, = IK

5.0)(‘10“ 1.0x‘1012 1.5x‘1o12 z.ox‘m‘r(secﬂ)
Fig.3 Efficiency versus angular 05— e e e e e e
frequency. The dashed horizontal
line corresponds to the classical
limit. We take m = 9.11 x 1073! 0af
kg, T, =2Kand T, = IK
03
0.2}
0.1F
0 5.0»!10" 1.0,“1012 1.5,“1012 z.Ox‘m‘y(secJ)
khiw
T 1 2
2ky | T, In ”T+ +T,In| —
ekBTh 41
n = : (22)
2kyT,
Ao 2coth<”—“’) 4 2%alu gy (2 —coth( o )+1
kT, ho T 2k, T,
respectively.

In Figs. 2 and 3, we present the dimensionless work and efficiency with respect to
angular frequency. As can be seen in (21) and (22), the dimensionless work and effi-
ciency do not depend on the position. Both dimensionless work and efficiency reach the
classical limit for the bigger values of angular frequency. Moreover, one can verify those
results for (21) and (22) in the limit @ — oo. At this point, we give some comments on
large angular frequency limit. Since efficiency a%)roaches the Carnot limit, Stirling cycle
becomes reversible. Total entropy change, dS = =5 vanishes for large angular frequency.
From (17)-(20), one finds S,z = kgIn2, Sz =0, S = —kgIn2, and Sp, = 0 in the limit
@ — oo . Thus total entropy change vanishes. We also note that both work and efficiency
vanish in the limit @ — 0 since all terms in (11) depend on w.

In Figs. 4 and 5, we show the variations of dimensionless work and efficiency with
respect to temperature. Apart from Carnot case, efficiency has an upper bound [53]. Both
work and efficiency approach Carnot limit for low temperature while both deviate from
classical limit for high temperature.
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Fig.4 Dimensionless work w
versus temperature. The ka Te
dashed black line corre- o
sponds to the classical limit.
We take m = 9.11 x 10~*'kg, o
@ =10"2sec™'and T, = 1K

ar . -

3r e -
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1f e
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Fig.5 Efficiency versus tem- K
perature. The dashed black line ¢ eeeeee
corresponds to the classical limit. [ .-
We take m = 9.11 x 10~*'kg,
®=10"2sec™'and T, = 1K

06 ‘o"

041

0.2

2 s s s 0 ™M

3.2 Infinite Quantum Well Case

For a more general case where the system bounded by infinite high walls, i.e., b > x > a,

we choose V(x) = %M (x)w?x? and M(x) = %. Then, if one solves Schrodinger equa-

tion in (10), one gets the energy levels as follows [58]:

b+a
E. = b—a

2 272
hw<n+l>+ h n(n + 1) + 2me? a’b

2 2mab b—-a)?’ (23)

where b — a is the width of well. The degenerate energy levels for the boxes C and D due to
the insertion are given by

2 a2b2
(b—ay

2
E = b+ahw<2n+ §> + h—(n+ DR2n+ 1) + 2mw
mab

"“b-a 2 o

This energy level is more complicated than (11). Since it includes a quadratic term of n, the
sum of series Z = Z;’;O e~PE: may not be obtained analytically. So we numerically investi-
gate partition functions.

As can be seen in Figs. 8 and 9, we present dimensionless work and efficiency with
respect to angular frequency. Both reach the classical limits for the bigger values of w. We
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Fig.6 Dimensionless work ver-

sus width y = b — a. The dashed ke To
black horizontal line corresponds -
to the classical limit. From top

to bottom, the curves correspond
toa = 1,4,7, 10nm, respectively.
We take m = 9.11 x 10~'kg, o888t
® = 10"rad sec™!, T), = 2K and
TL‘ = lK 0.680

0.690 -

0.675

0.670

L L L y (nm)
0.665 50 100 150 200 250

Fig. 7 Efficiency versus width
y = b — a. The dashed black 0.500f
horizontal line corresponds to
the classical limit. From top to 0.400]
bottom, the curves correspond to
a =1,4,7,10nm, respectively.

We take m = 9.11 x 1073 kg, 04981
® = 10"rad sec™!, T), = 2K and
T.=1K 0.497f

0.496 -

0.495

L L L L nm
20 40 60 80 100 v (nm

fix b = 30nm and choose a = 1,4,7, 10nm. It is clearly obvious that work and efficiency
decrease when we increase the value of a. Apart from semi-infinite case, both work and
efficiency do not vanish for @ — 0 since the second term in (23) does not depend on @.

We present the dimensionless work and efficiency varying with the width of well
y = b —ain Figs. 6 and 7, respectively. Both reach the classical limit for the smaller values
of y while they deviate from the classical limit for the bigger values of y. Again, work and
efficiency decrease when the values of a increase.

Finally, we show the work and efficiency with respect to temperature in Figs. 10 and
11. Similarly, they approach Carnot case for low temperature limit. Again, efficiency has a
maximum value [53]. Work and efficiency decrease while a increases.

4 Discussions and Conclusions

In this paper, we have considered a Stirling-like cycle, which is based on the level degen-
eracy due to the barrier insertion [52], for the quantized energy levels of positive oscillator-
shaped well potentials [58].

We have studied positive work and efficiency for both semi-infinite and infinite quantum
well cases. For the semi-infinite case, the work and efficiency do not depend on the posi-
tion a while they only depend on the angular frequency w. For the infinite quantum well
case, they depend on the position a, b, namely the width of the well b — a, and angular
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Fig. 8 Dimensionless work
versus angular frequency. The 08:
dashed black horizontal line
corresponds to the classical limit. o= o s o
From top to bottom, the curves
correspond toa = 1,4,7,10
nm, respectively. We take
m=9.11 x 10~3kg, b = 30nm,
T,=2KandT, = IK 04f

0.2-

L L L L L L -1
(sec™)
0 5.0x10" 1.0x10" 1.5x10" 2.0x10" 2.5x10" 30x10"

Fig.9 Efficiency versus angular

frequency. The dashed black 050 Frm = =im e o i e o o i i i o n s o e
horizontal line corresponds to

the classical limit. From top to 0.48[

bottom, the curves correspond to

a =1,4,7,10nm, respectively. 0.46f

We take m = 9.11 x 10~3kg,
b= 301’1IH, T/l = 2K and TE = 1K 0.44}

0421

0.381 5.0x10" 1.0x10" 1.5x10" 2.0x10"

(o (sec™)

frequency w. In Figs. 2 and 3, we have presented total work and efficiency varying with
angular frequency for the semi-infinite cases. Both approach the classical limit for the big-
ger values of angular frequency w. The same behavior for the infinite case can also be seen
in Figs. 8 and 9. We have shown the work and efficiency with respect to the width of the
well for the infinite case in Figs. 6 and 7. Both quantities deviate from the classical limits
when y increases. One can see these results are compatible with the results of Refs. [52,
53]. We have also investigated work and efficiency with respect to temperature in Figs. 4,
5, 10 and 11. Work and efficiency approach Carnot limit for low temperature while they
deviate from Carnot limit for high temperature.

It should be noted that, in our calculation, we set energy degeneracy as 2n + 1 in (14)
and (24) based on Refs. [53, 54] where the eigenvalues of even energy states increase to
odd energy states. Therefore, the 2n + 1 degenerate selection has been shown to be a cor-
rect choice for the harmonic oscillator. In our case, we also set degeneracy as 2n + 1 since
the dominant term in (14) and (24) are the first terms that correspond to the energy eigen-
value of the harmonic oscillator. Other terms denote additional contributions to the energy
eigenvalue.

Another point is the position-dependent mass effect on the work and efficiency for both
semi-infinite and infinite quantum well. We would like to clarify this point. It can be seen
that the position dependence of the mass, namely x is not included in the energy eigenvalue
expressions. The boundaries come as a contribution to the energy eigenvalues. For this
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15+

s T
40 s0 0

0
10 20 30

Fig. 10 Dimensionless work versus temperature. The dashed black line corresponds to the classical limit.
From top to bottom, the curves correspond to a = 1,4,7, 10nm, respectively. We take m = 9.11 X 10‘31kg,

b =30nm, w = 10'%sec™'and T, = 1K

B e
0.8~
os |
04r |

0.2 |

| . . . . .
0.0 Tu(K)
10 20 30 40 s0 0

Fig. 11 Efficiency versus temperature. The dashed black line corresponds to the classical limit. From top to
bottom, the curves correspond to a = 1,4,7, 10nm, respectively. We take m = 9.11 X 10’3]kg, b = 30nm,

@ =10"2sec”'and T, = 1K

reason, the dependence of the mass on the position does not cause any problems in the cal-

culations of work and efficiency in thermodynamic cycles.
Lastly, let us give some comments on the low-temperature limits of work and efficiency.

One can consider energy levels in (11) and (23) as E, >> k;T,. This condition is valid
for big values of @ and small values of 7). Thus, one may infer this condition as the low-
temperature limit. The same condition can also be considered for big values of a and b, i.e.
y. The work and efficiency reduce to W = kz(T;, — T.)In2 and y = 1 — T, /T}, [52, 53] for

the big values of w, a and b.
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In conclusion, we have shown that these systems produce positive work and efficiency
like other models which have different potential shapes. We give some numerical results
and discussions of the heat engine for the various parameters. It is well known that many
physical systems are proposed as candidates as quantum heat engines, and work and effi-
ciency are modeled in such systems. Obtained results also indicate that semiconductors
[71], superlattices [72], materials of non-uniform chemical composition [73], heterostruc-
tures [74], and abrupt heterojunctions [75] can also be considered as potential candidates
for a quantum heat engine.
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